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AnHOoTanmusa

Hacrositiiee mocobue mMOCBSIIEHO BBEIEHUI0 B WHTEPBAJBHBIA aHAJINA3 U JEMOH-
CTpaIu ero MpUMEHEHWsI B PA3JUYHbIX 337a4ax. llocobue aapecoBaHO BCEM, KTO
HHTEpPEeCcyercsi IPUMEHEHNEeM MAaTEeMATHKU K PEIeHUI0 MPAKTUIeCKuX 33/1a4.

Tlocobue saBisIeTCS MEPBBIM M3 CEPUM METOAUIECKUX MaTeprasoB. B ciaemytormeit
qacTu nocobust mraHupyercsa o0CyauTs 60s1ee CI0KHbIE ITPUMEPHI IPUMEHUS TEOPUU
U METOJIOB MHTEPBAJIHLHOTO AHAJIN3A, B HAYYHBIX M TEXHUYECKUX 33TA9AX.

WNuTepBaabHbIil aHATIN3 SBISETCS JOCTATOYHO MOJIOAOW MATEMATUIECKON TUCITH-
IJINHOM, W y4eOHOI inTeparypbl mo Heil HemHOro. Ilocobue npeanasnavaeTcs Jjis
IIEPBOTO 3HAKOMCTBA C TEMATHKOIA.

Teoperudeckuii Marepuas U MHOrHME IPUMEPHI 3aMMCTBOBAHBI U3 MOHOrpadun
C.IL.IIaporo «Koneunomepupiit unrepsasibublii anaau3y [1]. [lo cruiio u oxsary ma-
Tepuaja nmocobue manbosee 6au3ko k jgeknusam O.Caprani, K.Madsen, H.-B. Nielsen
«Introduction to interval analysis» [2].

Hawnbosee BaxKHOM 9aCTHIO TTOCOOMS ABISIIOTCS TPUMEPDI, OT CAMBIX MTPOCTBIX, HJI-
JocTpupyomux apudMeTniecKue 1efCTBus, 10 O0Jiee CII0KHDBIX, TAKUX KaK PeIre-
HUe CUCTeM HeJIMHeHHbIX ypaBuenuii. Marepuas anpobupoBan B Kypcax /iisi CTY/I€H-
toB Kadenpr! «IIpuknannas maremarunkay Uucturyra [puknagunoit Maremaruku u
Mexanuku CIIOI'TIY u acnupanTos nepBoro roga obydenus OTU um. A.®.Noddde
PAH. [3].

st BepeTKE mocobust ucob3oBanach cucrema INTEX, a 11 MHOTUX HILTIOCTPa-
uuil — MHTEpIPEeTaTop A3bika porpammupoBanus METAPOST [4], koropbiil 10 ayxy
U CPENCTBAM OJIM30K K MHTEPBAJIBHBIM METOIAM W TIPUEMAM.



1 Bseepgenue. lpeamet nHTepBanbHOro aHannsa

HOHHTI/IE NHTEPBaJla 1 MOTUBaA €r0O UCIIOJIb30BaHA €CTCCTBCHHBIM O6pa3OM BO3HUKa~
10T TIPU PEIIeHnN TPAKTUIeCcKy JiFo0oil npakTuieckoii 3aja4u. [Ipu uamepenusax, Mose-
JIUPOBAHWY, UCTIOJIB30BAHUY CTOPOHHEH WHMOPMAINY, COCTABICHUN 33 JaHNii, TPOEKTHOIT
MOKYMEHTAIINK, ODCAYKUBAHUNA TEXHUIECKUX CUCTEM, MPOTHO3UPOBAHUU, MPUXOTUTHCH
OTIEPUPOBATEL € MAHHBIMU U MOJCAAMU, KOTOPHIE ONMPEJIETEHb B KAKUX-TO TIPEIEIax, a
JIpYTOi J0CTOBEPHOM nHMOPMAIUT HET.

[Tpy HEBO3MOKHOCTH YTOUHEHHS 3TUX JAHHBIX 33 CUET MHOTOKDATHBIX M3MEPEHHI,
60J16€ TOTHOTO METO/IA WK CIPABOTHBIX JAHHBIX, ITY HEOIPEIeJeHHOCTh HAI0 KAKIUM-TO
obpa3oM ommcaTh, W B JajbHEHIeM omepupoBarh ¢ meil. Hambomee mpocthiM cmocobom
TaKOI'O OIINCAHUA ABJIACTCA 3aJaHNe HUXKHEl 1 BerHeﬁ TpaHuObl BEJIMYINHDBI. TaK MbI
NPUXOJUM K HJee WMHTEPBAIa KaK MaTeMaTHYECKOro crocoba IpejcTaBieHus CBOWCTB
00BEKTOB, HE OOJIAJAFOIINX CTPYKTYPOI, BCE 3JIEMEHThI KOTOPBIX DABHO3HAUHEI.

PaccMmoTpuM HECKOJIBKO MPUMEpPOB

IIpumep 1.1 (Apka goma)

Jlts mepeBo3Ku Ipy3a HeoOXomuMo mpoexarth B apky 37anud 1. Kakosa Boicota H apkwn,
ecau BBICOTA dTaxka 3 M7 OHa BBINE MEPBOTO Tayka (OIEHKA CHU3Y 3 MeTpa) W HIKe
BTOPOrO 9TaXKa 37aHus (onenka ceepxy — 6 m). Takum obpazom, H comepKuTcsa B HHTEP-
Base [3,6].

Dot dakT MOXKHO BbIpasuTh caeayoomum obpasom: H € [3,6]. [ |

S
Eu N

Puc. 1: Beicora apkwm

IIpumep 1.2 (U3Mepenne oTpeska JUHENKOI)

WN3mepum mHEHAKON OTPE3OK — PUCYHOK 2.

Puc. 2: IzMepenne oTpe3ka JTUHENKOM



OrneHuM JJIMHY OTpPE3KA.
Jlnnuaa KpacHOro oTpe3ka: 0oJjbIne 3 JieJieHnull U MEHbIe D — OleHKa rpybas, HO 10-
crosepras. L € [3,5]. [ ]

IIpumep 1.3 (Perucrpanusi CUrHa/Ia MaTPUYHBIM JIETEKTOPOM )

Pentrenosckoe maiydenue perucTpupyercss kamepoi ¢ pazmepamu 16 X 16 mumkces.
Ha pucynke 3 cieBa — rpadudeckoe MpejcTaBIeHne pe3yabTaTa OJHOTO W3MEpeHWs,
cripaBa — TMIKaJa IpKocTeil. B 1aHHOM M3MepeHun B MUKCEIAX 3aperuCTPUPOBAHO OT
0 1o 6 kBanTOB 3apsa. HaKOTIEHHBIH B MUKCETE 3apsas oMudpPOBBIBAETCA aHAJIOTORO-
HPOBLIM TIpeobpazoBaTesieM — JIUCKPETHOCTh CHTHAIA 10 aMILIATYAe. BTopoit Bu
JUCKPETH3AIMY — TPOCTPAHCTBEHHAA. SHAYEHNE CUTHAJIA, I IMKCENTE C KOOPJAMHATAMYT
(9, 7) maxomurest B maTEpBaJte [5, 6], miist mukcesst ¢ koopaunaramu (16, 16) — B uHTEpBase
[0, 1].

|

SPD 16x16 shot number =35685 frame number =1097

2 4 6 8 10 12 14 16

Puc. 3: Onve cHUMOK PEHTTEHOBCKON MATPHIILI

IIpumep 1.4 (Pacuernas dopma 1mia3sMbl B c(hpepruuecKOM TOKAMAKE)

Ha PUCYHKE 4 TMOKa3aHbI PA3JINIHBIC CEYE€HNA YCTAHOBKU 110 YACP2KAHUIO TIJIa3MbI: BaKY-
YMHOI KaMepbl — CIJIONTHAS JINHUSI, CeMTAPATPUCHI (TPAHUIIBI TIA3MBI) U MACHUTHON ocu
(yCTIOBHBII MEHTD TOKA TLIA3MbI) — KBAJAPATHl. PasMephbl yKasaHbl B METPax. TOYHOCTH
OIIpEJIe/IEHUST TEOMETPUIECKIX PA3MEPOB Ta3Mbl —- npumepHo 1 cm. Cresa nan obrmumit
B B MEPUANOHAJBHOM CCYE€HUM, CIIPaBa TOYKHU CCIAPATPUCHI IIPEACTAaBJICHBI MMEHHO C
TOM TOYHOCTHIO, KaKyio BuIZaeT nporpaMma EFIT naa ee pacuera.



SEPARATRIX INTERVALS
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Puc. 4: ®opma maasver B Tokamake. CILIONIHAS JUHUS — BaKyyMHasl KaMepa, MPAMO-
YTOMBHUKYW — TPaHUIa TIa3Mbl, pacCINTaHHAS Ha TPIMOYTOJIBLHON CEeTKe

Tax BozHuKaeT moHsTHEe WHTepBaaa. CTporue onpejeseHns OyIeM 3auMCTBOBATh U3
dbyumamenranbhoit Mmonorpadgun C. ITTaporo [1]: «MHTepBan — 3aMKHYTHIl OTPE30K Be-
IIECTBEHHOH OCH, & UHTePBaJIbHAs HEOIIPEJIEJIEHHOCTh — COCTOSTHUE HEIIOJIHOTO 3HAHUS 00
VHTEPECYIOENl HAC BEJWYWHE, KO3 W3BECTHA JIUIb €€ MPUHAIIEKHOCTE HEKOTOPOMY
nHTEpBaTY. UHTEepBaAMbHLIN aHAJIN3 — OTPACb MATEMAaTUIECKOTO 3HAHN, UCCAETY IO
3aJa4uM C MHTEPBAJIbHBIMU HEOIIPEACICHHOCTIAMU U METObI WX PEITCHUIS.

0 P M

A \A

B\/l’

Puc. 5: Berancnenve oTHONIEHNS JTHHBI OKPYKHOCTH K AUAMETPY 10 Apxumeny

310 < TEPLLL. KUKAOU < 31

717 SudueTpo T T
Vaebroe mmocodue He MPeInoIaraeT CePbe3HbIX UCTOPUIECKHUX IKCKYypcoB. Tem He me-
Hee, TPUSTHO YIOMAHYTH, 9TO Y HCTOKOB WCIOJB30BAHUS IBYXCTPOHHUX OIEHOK CTO-
UT OJWH W3 BEMUYANIINX MATEMATHKOB, APXWME], WCIOJb30BABIINN JIJIsT OTEHKH OT-

HOIMMEHWA AJUHBI OKPYKHOCTU K AWAMETPY TEePUMETPHI BOUCAHHBIX W OTMMMCAHHBIX 96-



yrosbHuKoB. Ha pucyHnke 5 — peKOHCTPYKIUS NeOMETPUYECKOrO IOCTPOEHUS U3 €ro pa-
6orel KdkAov pérpnoi(.

B 11esiom nHTEpBaJIbHBIN aHAIN3 JEXKUT B PYyCJie ODOJBIIOr0 HAIIPABIEHUA KOHCIPYK-
MUEHOT MATEMATUKM, CBA3AHHOTO C MPUOJUKEHHBIMU BBITUCIEHUSIMU, POTOHATATILHE-
koM KOTOpOoTO 6611 T1.JI. Hebnrmén. Ero Teopus paBHOMEDPHDBIX TPUOIMKEHUN U MTPUOJIT-
JKEHHBIX MEXaHW3MOB 3a/IaJU HAIPAB/IEHNE, B KOTOPOM DEIeHUe UIEeTCS B BUJE TapaH-
TUPOBAHHOTO «KOPUAOPA» PEIIeHui.

Puc. 6: Bparmenne xkpagpara,

IIpumep 1.5 (DddexT «0bEpThIBaHUS > )
[IpuBeeM 9aCcTO MHTUPYEMBIi B KHUTAX TI0 HHTEPBAILHOMY aHAIN3Y TPUMep HapacTaHusT
HEOLPE/IeJIEHHOCTH [IPY [IOCJIeI0BATEIbHBIX BbIYUCIeHNAX [1].

[IpeacraBum Testo KBaapaTHON (OPMBI, ABUKYIIEECs IO Kpyry. Ilycrs 910 npuikenne
JIMCKPETHO W TeJ0 ToBopadmBaerca 3a mar wa 30 rpasgycos. B pesynbrare mosopora
obpasyrore 00bekTa OyIyT HeMapaIeIbHB OCAM KOOPIUHAT W WHTEPBATHHAS OMEHKA
pesynbTaTa MOBOPOTa IPUBOAMT K TOMY, YTO PAa3MEp MHTEPBAJILHON 060J09KHn 06 bekTa
BozpacTer. B pesysnbprarte urepaiuii Ha 00bekTe OyaeT HapacTaTh «00EpTKay — PUCYHOK
6.

DddexT 06EpTHIBaHNS 0CODEHHO CUIBLHO MPOSIBIAETCS IPYU UTEPATTMOHHBIX BBIUUC/IE-
HUSX, TJe MOCTe0BATEIbHBIE 3aMEHBI MHOXKECTBA pereHnii (B JaHHOM CIydae — KBaJl-
parT, HAKJOHEHHBIH K 0CAM KOOPAMHAT) Ha 60J1e€ MPOCTBIE MHOXKECTBA TPOUCXOAAT MHO-
TOKPATHO.

Wrak, BBEgem noHsTme mnTepsana. VIHTepBasoM BeleCTBEHHON och [a,b] Ha3bIBaeTCH
MHOXKECTBO BCEX YHCJIC, PACIIOJIOZKECHHBIX MEXKAY 3aJaHHbBIMU YUCJIaMU G U b BKJIIOYad X
CaMuX, T.€.

[a,b] :={x C R|a<z<b}

ITpu sTOM @ n b HA3BIBAIOTCSA KOHIIAMYW WHTEPBAJIA.

10



2 VHTepBanbHble apudmMeTnki

Han waTepBasiaMu HyKHO TPOBOUTH BbruucaeHus. OHU OCHOBaHBI Ha apudMETUKE Be-
IIIECTBEHHBIX YMCEJ U UMEIOT CBOU OCOOEHHOCTHU, KAK KOMILJIEKCHBIE YUC/Ia, KBATEPHUOHDI
u npyrue. [lo3ToMy OCHOBHBIM HHCTPYMEHTOM MHTEPBATBLHOTO aHAIN3A STBIAIOTCS WHTEP-
BaJIbHBbIE apuMeTHKN — ajrebpanvdeckne CUCTEMBI, (hOpMaIU3yIoNne apudMeTnIecKue
OTIepaIy HaJ| MHTEPBAJIAMU KAK IEJOCTHBIMEA 00bEKTaMHU.

B ornmume ymoMamyThIX TpUMEpPOB, WHTEPBaJibHAA apudmeruka He ofHa. [loMumo
KJIaCCHYIeCKOii, ectb apudmernka Kayxepa u apyrue anrebpandeckue cucremsbl [1]. Mer
byaem paccMaTpuBaTh HanbOJIEE PACIPOCTPAHEHHYIO CUCTEMY, KOTOPYIO HA3BIBAIOT KJIAC-
CHUYecKasi HHTepBaJibHasi apuMETUKA.

Knaccuueckasi untepeansHas apupmetuka. IR — anrebpandeckast cucrema, obpa3oBaH-

Hag wHTepBajiamu € = |[x,T| C R Tak, uro aus aro6oit apudmMernyeckoil oneparun
«k» U3 MHOXKeCTBa { +,—, -,/ } pe3y/brar onepanun MexK1y WHTEPBAIAMU OIpeJesis-
eTCd KaK

w*y:{x*y[wéw,yéy}. (1)

Pazsépuyrbie dopmyiibl Jijist apudMETUHIeCKuX OePanuil BhIIVISAAT CAeAyonmm 00-
pazom:

rty=[z+y T+Y], (2a)
r-y=[z-9 Ty, (2b)
T-y= [min{gg,gﬂ,fg,f@}, max{gg,@ﬂ,fg,f@}], (2¢)
xfy==x [1/9, 1/y]  am yFO0. (2d)

Paccymorpum ocobenHOCTY MHTEPBAIBHOM apud)METHKN.
IIpumep 2.6 (Pa3HOCTh JIBYX OJMHAKOBBIX BEJIUYUH )

ITycrh ase Mamuubl (PUCYHOK 7 ) HPOXOAAT OTPE30K Iy TH 33 OJIMHAKOBBINH MHTEPBAJI
BPEMEHN.
Bpemsa B myTn:
nepsoit mammusl 71 = [9,10] ¢
Bropoit Mammusl Th = [9,10] ¢
Pazuuia mex iy Bpemenavn npuxoga K dpusaniry Tio = [—1,1]
|

OTnnune nnTepeanbHoii apudbmeTukm ot obeluHol. B Kinaccumueckoil HHTEpBaILHON apud-
MeTHKe MCIOIb3yioTcd 4 melicTBug g onucanng apudmerndeckux omepanwmii. B moste
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Puc. 7: Pa3nocTh JBYX OJIMHAKOBBIX BEJTWMINH

BEIECTBEHHBIX unces R orneparuy BEIYUTAHUS U JejieHns 0OpaTHBI CJI0KEHWIO U yMHO-
xkeuwnto. st muTepBaIoB 3TO HE MMeeT MecTa. B obmem ciryuae:

(a+b)—b+#a
(a-b)/b+#a

IIpumep 2.7 (JoGaBiierine u BblUnTaAHNE HHTEPBAJIA)

a=b = [-1,1
(a+b)-b=([1,2]+[-1,1]) — [-1,1] =[0,3] = [-1,1] = [-1,4
[_171] 7& [_174]
|
IIpumep 2.8 (YMHO>KEHME U JieJIEHNEe Ha UHTEPBAJI)
a=b = [1,2]
(a-b)/b=([1,2][1,2])/[1,2] = [1,4]/[1,2] = [0.5,4]
[1,2] # [0.5,4]
|

JlaHnHoe 06CTOATENBCTBO HEOOXOIUMO YUUTHIBATE TPH UCTIOIB30BAHIMN HHTEPBAJIBHOIM
apUPMETHKH.

WMaTepBasbl — MHOXKECTBA, JjId HUX OMPEAEAICTCH JaCTUIHOE YIOPIAOICHIE TI0 OT-
HOIIIEHUIO BKJIIOUEHUS APyl B APYyTra

aCb <= a>b & a<b

12



meeT MECTO BasKHOE CBOHCTBO MOHOTOHHOCTH 10 BKJIIOUEHMIO: [T JIIOOLIX HHTEPBAJIOB
a,a’ b, b’ € IR u mobeix onepanuit x C {+,—, -,/ }

aCa' bCb =axbCa xb (3)

CBOiCTBO MOHOTOHHOCTH 110 BKJIIOYEHUIO OTPAXKaAeT TOT (PAKT, 9TO PACIIUPEHne 00-
JlacTel onpejiesieHns 00beKTOB HEN30EXHO PACIIIUPseT U 06JIaCTb HA KOTOPYIO 0ToOpaKa-
FOTCS PE3Y/IbTATHI APUPMETHIECKUX OTEPAITHil HaJl 00bLEKTaAMH.

Hesasucumble 1 CBA3aHHbIE MHTEPBA/bHbIE BEAUUYUHLI. [OBOPAT, UTO 33JaHa WHTEPBAb-
Hasl BEJIMINHA, €CJIH UMEeTCs IepeMeHHast, KOTOpasi MOXKET IPUHUMAThH 3HAUEHUS B [Ipe-
JleTax HeKOTOPOTO WHTEPBAIA.
Onpedenenue. VIHTEpBaATBHBIE BETUIUHBI 4] € @1, . . . , Gy € Qy HA3BIBAIOTCA HE3ABUCHMBI-
MU (HECBSI3AHHBIMU ), €CJIN YIIOPSI09eHHbBIH HAOOpa epeMenHbIX (a1, . . . , 4y ) TPUHUMAET
JoObIe 3HAYEHUS U3 JeKapTOBa IPOU3BEIEHNs] HHTEPBAJIOB UX U3MEHEHUS A1, . . . , Gy, T.€.
u3 b6pyca ay,...,a, C R™. B nporuBHOM Caydae MHTEPBAJIbHBIC BEINYUHBI HABBIBAIOTCSH
3aBUCAMBIME (CBA3aHHBIMN).

Y106HO rOBOPHUTH, YTO Ha PACCMATPUBAEMbIE MHTEPBAJILHbBIE BEJIMYUHDBL 4] € G1,. .., Ay €
Q,;, HAJIOXKEHBI CBSA3M, €CJTM WMEIOTCA COOTHOITEHUST MeKIy B Bue Bhipaskennii. Komkper-
HBIH BUJI CBSI3HOCTH MOYKHO MPEICTABUTL TpadbudecKn, n306pasuB MHOKECTBO 3HAYEHUIT
koprexa (ag, ... ay), Ha (POHEe JAeKapTOBa NPOU3BeIeHUs (a1 X ... X @y,). Takue ueprexn
HA3BIBAIOT JUArPAMMAaME CBSI3aHHOCTH.

IIpumep 2.9 (HezaBucumas u CBsI3aHHASI MHTE€PBAJIBHOCTH )
[Iycts ais mepeMeHHBIX X1 U To UMEIOT MECTO (DaKThI:

Ty = [0, 1]
T2 = [0,1] (4)
xy+x2 =1[0.9,1.1]

[lepBble aBe CTPOYKM BLIPAXKAIOT HE3ABUCHMYI0 MHTEPBAIBHOCTL €1 U XT3, & TPEThA
— WX CBABAHHOCTD.

Bes Haymuus cBs3u 06JIACTh ONpPEJIEIeHnsl Taphl €1, T2 MPEJCTAB/ISIET IPAMOYIOJIb-
uuk [0,1] x [0,1]. HasoxeHue cBsi3u BbIPE3aeT U3 MPIMOYTOABHUKA HOJI0CY — PUCYHOK

8.

IIpumep 2.10 ( @PyHKIMN HE3aBUCUMBIX U CBSI3aHHBIX MHTEPBAJIbHBIX BEJIN-
YVIH )
Paccmorpunm [1], kak usamensitorcst obractn 3Hadennii GyHKIMA HHTEPBAJILHBIX BEJINIUH
B 3aBUCUMOCTH OT WX CBazanunoctu. Ilycrs mus semmuun 1 € [0,2] u xo € [0, 1] umeer
MECTO CBSI3b:

1 < r1 + 21‘2 < 2.
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1 4+ x1 =[0.9,1.1]
(0,1)

X2

(0,0) 1 (1,0)

Puc. 8: Imarpamma CBA3aHHOCTH JJId ABYX WHTEPBAJIBHBIX BEJIUINH

PaccMoTpuM pasimunble (byHKIMH 3THX ITePEMEHHLIX.
JIiist pa3HOCTH UMeEeT MeCTO:

{1 — 2 |21 €[0,2],22 € [0,1], (21,22) € S} = [-1,2] = [0,2] — [0, 1],

371eCh S — MHOKECTBO COBMECTHBIX 3HAUeHWH map (z1,z2). O6sacTh 3HAUEHHUI pe3y/Th-
TaTOB BBIYNTAHWS COBIIAJAET C PA3HOCTHIO WHTEPBAJIOB 10 (hopmysie 2.
Paccmorpum nasiee cyMMy M Pa3HOCTb BEJIMYUNH:

{z1+ x2 |x1 €10,2],22 € [0,1], (z1,22) € S} =[0.5, 2]
{z1 29 |21 €]0,2],29 € [0,1], (21, 22) € S} = [0, 0.5]

IIpu sTom mo dopmynam 2 nMeeM:

(0,2]+1[0,1] =[0,3] > [0.5,2]
0,2]-0,1] =[0,2] > [0,0.5]

MHOKECTBO PE3YIbTATOB CJOKEHUS M YMHOYKEHUS JIJIs CBSI3AaHHBIX IIpEJCTaBUTeEselt
WHTPEBAJIOB CYIECTBEHHO VXK€ WHTEPBAJIOB, MOJYUEHHBIX 1O (DOPMYIaM KIACCHIECKOM
WHTEPBAJILHON apudMeTUKH. |

OcHoBHas Teopema uHTepBanbHol apudmetukn Ha ocnose apudmernaeckux omepammii
crpositcst 60J1ee cJIoKHBIE CTPYKTYphl. Oyukius f : R™ — R #HazbiBaeTcs panuoHaIbLHOM,
eCIN OHA 33JAeTCs AHAJUTHYIECKUM BBIPAKEHUEM, KOTOPOE SBJISIETCS KOHEYHON KOMOM-
Hanmein xi,xs,..., Ty TEPEMEHHBIX W KOHCTAHT C YETHIPhMSA apmdMEeTHIeCKUMHI OTepa-
IIHSIMI.

Teopema TIlycrs f(x1,x2,...,2,) — panmoHanbHas (DYHKIUSA BEIECTBEHHBIX apryMeH-
TOB X1, X2, . .. Ty U /g Hee onpejeseH pesyabrat F(X 1, Xo, ..., X)) 001CTaHOBKE BMe-
CTO aprymenToB uHTEpBasoB ux uimenenus (X1, Xo, ..., X,) C IR u BbimosHenus: wa
HUMHU JeHCTBUil 110 MpaBUjaM HHTEepBaJIbHOI apudmernxku. Torma

{f(z1,22,...,2p) | 1 € X1,20 € Xo,...,2p € X;,} CF(X1,X2,...,X,),
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re. F(X1,Xo,...,X,) conepXur MHOXKeCTBO 3HadeHuii dyukuuu f(z1,x2,...,Ty,) HA
X1,X9,...X,,. Ecin Bepaxenne s f(x1,22,...,T,) conepxur He 6ojiee 4eM 110 og-
HOMY BXOXKJICHHUIO KaKJOH IIEepEMEHHOI B IEPBOH CTENEHM, NMEET BMECTO BKJIIOICHUS
BBIIIOJIHACTCS MOYHOEe PABEHCTBO.

IIpumep 2.11 ( 3aBucUMOCTb pe3yJibTaTa BBIYMCICHUN OT BU/IA BbIPAXKEHUIT)

[Tpumep [1] 3aBucMocTr pe3yibraTa UHTEPBAILHON OIEHKH OT CIOCO0a BHIYUCIEHUI.
Jna parmmonanshoii dbyuknun f(z,y) = x -y — x + 3 Ha obgacTu onpegenernst r €
[0,1],y € [1,2], onenka obaactu 3uagenwuit [0, 1] - [1,2] — [0, 1] + 3 = [2,5].

Ecau nepenucars Boipakenne kaxk f(z,y) =z-(y—1)+3,10[0,1]-[1,2] —1)+3 =
[3,4]. Takum 06pazoM, OpU UHTEPBAJILHOM OIEHUBAHUM MMEET CMBICJ PACCyKIaTh HE B
TepMuHax QyHKIUE, & B TEPMUHAX 33AI0IUX UX GbPaACEHUL. |

XapakTepucTuku nHTEPBaNoB 1 ux ceoiictea EcTecTBeHHBIM 00pPa30M MOXKHO BBECTH CJle-

OYIOIUE BEJINYNHBL:

Cepenuna (uentp ) unrepsaia mid a = 3 - (@ +a),
Pamnyc nntepsasa rad a = % (@ —a),
lwupuna narepBasia wida = a — a.

Takum obpazowm,
a =mid a + [-1,1] - rad a,

9TO PABHOCHIBHO
a={zeR:|zr—mida| <rad a}.
CepeuHa MHTEPBAJIA — 9TO IO «HAMOO0JIee TUITMIHBIN Y TTPECTABUTE/ T, KOTOPBIN HAN-
MEHee yJAJeH OT BCeX TOYEK MHTEpBaJa, a PAyC U IIMPHHA XapaKTepH3yT pas3bpoc
TOYEK MHTEpBaJa, abCOTIOTHYIO MEPY HEONDPEIEJEHHOCTH, BEIPAZKAEMON JIAHHBIM MHTEP-

BaJIOM.
[Tomoxkenue u MUpUHA WHTEPBAJIA U CO3JaHUE WHTEPBATIA U3 00BEKTA HYIEBOU IIU-

PHWHBIL:

Point object

rad a

mid a

wid a Interval object

Puc. 9: Tlonoxenwne u mupuna naTepBasia. HTEpBAIN3AIIAST TOUYEIHOTO 00HEKTA

CroiicTBa CepeuHbL:

mid (a £ b) = mid a+ mid b,
mid (a-b) = a-midb, ectn a € R.
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OcHoBHBIE CBOiCTBa pajuyca:

aCb — rada <radb,
rad (a £ b) = rada+radb,
rad (a-b) = |a|-radb, ectn a € R.

Paanyc (mmpuHa) WHTEPBAJIOB TPU CJIOKEHUN W BBIYUTAHUN MOXKET TOJTBKO CKJIAIbI-
BATHCA U TIOITOMY MPOTUBOIOMIO0KHOTO (0GPATHOTO MO CIOKEHWIO) 3/IEMEHTA /I HEBbI-
poxienHbix nHTepBasioB B IR Her. Ilpy ymMHOXKeHWM HEBBIPOXKJEHHOI'O WHTEPBAJIA HA
HEHYJIeBOI MHTEPBAJ PAANYC IPON3BEACHIS HUKOT /A HE MOYKET CASIaThCI HYIEBbIM. Bme-
CTO TIOJTHOTIEHHON 06pATUMOCTH HHTEPBATHHBIX apU(PMETHIECKAX OTIepaliiii UMeroT bostee
cjiabbie «CBONCTBA COKPAIIEHUS» |

a+c=b+c=— a=0»b,
a-c=b-¢,0¢a,0¢b,0¢dc=— a=0">.

Anrebpanyeckne CBoliCTBa MHTepBaibHbIX onepaunii  Muarepranbras apudmernka IR as-
JIsieTCsd aaredpandeckoil CUCTEMONW U JaCTUYHO YIOPSIOYEHHBIM MHOXKECTBOM € OTHOIIIE-
HUEeM TOpsiaKa o BKoUeHn0 « C». B IR HefirpaabHBIME 37IeMEHTAMNI OTHOCHUTEIHHO
CJIOKEHUA W BBIYUTAHUS SIBASETCS HYIb, 4 OTHOCUTEILHO YMHOMKEHN W JeJeHUsT — €JI1-
HUTIA!

a+0=a, a—0=a,

a-1=a, a/l=a.

Nureppanbubie apudMeTnaeckne Omepanyu 001a1ai0T CBOMCTBAMMT:

(a+b)+c=a+(b)+¢) — acconmaTnBHOCTH CJIOKEHUS,
(a-b)-c=a-(b-c) — acconuaTuBHOCTH YMHOXKEHHUSI,
a+b=b+a — KOMMYTaTUBHOCTH CJIOXKEHUS,
a-b=>b-a — KOMMyTaTHBHOCTH yMHOXKEHUS.

JncTpnby THBHOCTD YMHOYKEHWS OTHOCUTEJIHHO CJIOXKEHWs B ODIIEM CiIyyae OTCYTCTBYET:

a+b-c#a-c+b-c

IIpumep 2.12 (OTcyTcTBUe qUCTPUOY TUBHOCTH YMHOYXKE€HUSA OTHOCUTEJIHHO CJI0-
2KEHUS )

[172](1_1) = 0,
1,2 1-[1,2]-1 = [-1,1].
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Hnmeer mecTo 6osiee caaboe CBOHCTBO:
a-(b+tc)Ca-bta-c

Ha3bIBaeMOe CyOIUCTPUOYTHBHOCTBIO YMHOYKEHUS OTHOCUTEHHO CJIOYKEHUS.
JlncTpubyTUBHOCTE BBITIOHIETCS B PII€ YACTHBIX CJIYIAEB:

a-(b+c)=a-b+a-c, ecm a € R,
a-(b+c¢c)=a-b+a-c¢, ecmbc>0wmmb,c<O0.
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3 WHTepBanbHble BEKTOPLI M MATpuLbI

Hrmepsaavnoili 6exmop — ynopsiJOUeHHbIH KOPTEXK M3 MHTEPBAJIOB, PACIOIOKEHHBII
BEPTHUKAJIBHO (BEKTOD-CTOJIOEIT) WK TOPU3OHTAIBHO (BEKTOP-CTPOKA).

Hrumepsaavhas mampuya —- TIPIMOYTOIbHAs TabJIUIA, COCTABICHHAS U3 WHTEPBATIOB
Qij: A= (a)ij.

MuTepBasbHble BEKTOPLI OTOXK IECTBJIAIOTCS ¢ MHTEPBAJILHBIMEI MAaTPUIIAMHU pazMepa 1 xXn
uam n X 1.

Ecmun a = (a1, as,...,a,), obosnavator a = (a,as,...,a,) u a = (a,az,...,a,).
Anasormdno, Jyid WHTEPBAILHON MATPHIE! A = @;; OIpeJeadioT TOYEYHBIC MAaTPUIILI
A = (a;;) 1 A = (@j;) , 06pasoBaHHBIC COOTBETCTBYOIIMMHI TOUCUHBIMH 3/TEMEHTaMH.

Humepsanvhas 06oaoura MHOKECTBA S — 9TO IEPECEYEHNE BCEX MHTEPBATHHBIX BEK-
TOpOB (MaTpuI), comepKamumx S:

0S=(HacIR | a2 S}

Croxenne u yMHOXKEHNE WHTEPBAJIBHBIX MATPHUIL OTPEIETIOTCS KaK €CTECTBEHHBIE
TO3JIEMEHTHBIE OTIePAIHH.

IIpn onpenenennn onepanuil Ha THTEPBATHHBIMIA MATPHUIIAMH NMeeT CMBICT BMECTO
ycnosus (1) orpaHuanThCst KaKnM-u60 60stee CabbiM TpeGoBaHneM. YiKe yIIOMSIHY ThIH
«3dekT 00EPTHIBAHUST» MOXKET MPUBOJNTL K HEOXKUIAHHBIM CJIEJICTBUSIM B CHIIY TOTO,
YTO YMHOXKEHNE MATPHIL BKJIIOYAET YMHOKEHWS M CJI0KEHUSA UX 3JIeMeHTOB. B 1esoM 310
TIPUBOJNUT K YCJIOBHIO:

AxB = O{ AxB | AcA,BeB}. (5)

Kaxk nokazano B [1|, OHO BBINOJIHSIETCS JJisT MATPUYHBIX Ol€PaIuii.

Crenyer uMmeTb B BUJY, 9TO WHTEPBAJIbHBIE BEKTOPHI He 00PA3yIOT JIMHEINHOTO TIPO-
CTPpaHCTBa B IIPUBBIYHOM CMBICJIE. 9TOMy MeEMTaeT OTCYTCTBUEC ,ZLI/ICTpI/I6yTI/IBHOCTI/I B UH-
TepBAJIbHBIX apuMETUKAX.

Kak u B ogHOMepHOM cityuae (3), uMeer MeCTO MOHOTOHHOCTH 110 BKJIIOYEHUIO:

s mo0BIX MHTEpBaabHbIx MaTpul A, A’, B, B’ ogunakoBoro pasmepa m JIOOBIX OIIe-

PaHHﬁ*Q{‘F’—"a/}

ACA' BCB — AxBCA'xB’ (6)

CBOICTBO MOHOTOHHOCTH 110 BKJ/IIOYEHUIO OTpaxKaer ToT (DaKT, 4T0 PacClIUupPeHue oo-
JjlacTeil ornpejesienns 00beKTOB HEM30€KHO PACIIUpPAeT U 00JIACTh Ha KOTOPYIO 0TOOpa-
JKAIOTCS PE3YAbTAThl apu(MMETHIECKIX OMepaIinii HaJ 00beKTaMU.

Jlnst m00bIX MHTEPBAJIBHBIX MaTpul, A 1 B, 0auHaKOBOro pa3Mepa, CIIPaBeIuBhL:

(A+B)+C=A+ (B)+C) — accoluaTUBHOCTD CJIOXKEHHSI,

A+B=B+ A — KOMMYTaTUBHOCTD CJIOKEHUSI.

JlJ1st MHTEPBAIBHOTO MATPUIHOTO YMHOYKEHUsI HET erre U (KpoMe OOBITHO#M KOMMYTATHB-
HOCTH ¥ MHTEPBAJIBHON AUCTPUOYTUBHOCTH TI0 CJIOYKEHWIO) aCCONMMATUBHOCTH.
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IIpumep 3.13 ( OrcyrcrBHEe acCOLUATHBHOCTA WHTEPBAJIHLHOIO MATPUYHOrO
YMHO>K€EHUSI )

Hopwmbl nHTepeanbHbix maTpuy n sBektopos Hopwma simaeiiHoro mpocrpasncTBa — 06061e-
HHWE HA MHOTOMEDHBIN C/Iydail mOHATHsT aDCOJIIOTHON BEJIMYIMHBI YUCIa U (POPMAIAIYET
TaKue UHTYUTUBHO IOHSTHbBIE CBOWCTBA KAK «JJIMHA» BEKTODA.

Hopmoti nHTEpBATLHOTO BEKTOPA @ HA3BIBAIOT BEIIECTBEHHYIO Bequunny |lal| , ymo-
BJIETBOPSTOIITYTO AKCHOMAM:

|la|| > 0,npuyem|jal| =0 <= a =0 — HEOTPUIATETHHOCTD,
o al =|al - ||la|]| — abcomrornas oxHOPOAHOCTS,
la+b| < |a| + ||b]| — «HepaBeHcTBO TPEyrOABHUKAY .

Haunbostee momynspHbie 8eKmMopHbLe HOPMbL:

||aH1 = ]al +\a2\+...+|an|,

1
lalla = (lai]* +azl* + ... + |an*)?,
lallsc = max [a;.

1<i<n

Hopmoti unmepsaavhot mampuuys, A Ha3bIBAIOT BEIIECTBEHHYIO BesnanHy || Al | ynosie-
TBOPSIONLYIO AKCHOMAM:

|A|| > 0, npuuem||A|| =0 <= A =0 — HeOTPUIIATETbHOCTD,
loo- Al = |a] - ||A]] — abcosrorHas 0OJHOPOAHOCTD,
|A+ B <||A]|+ ||B|| — «HepaBeHCTBO TpeyroJbHUKAY
|A-BJ| <|A]-|B|]] — cyOMyJIbTHIINKATHBHOCTD,
proA C proB <= ||A < ||B|| — MOHOTOHHOCTb 110 BKJIFOYEHHIO.

YerTpepras akCHOMa He MMEET MeCTa, /LISt BEKTOPOB, TIOCKOJIbKY UX YMHOMKEHHUE He OIpe-
nesieno. Eciu moHuMaTh €e B IMMPOKOM CMBIC/IE, TO €8 MOXKHO HCIOJIb30BaTh JJIs IIPO-
U3BEJIEHUS MATPUILI Ha, BEKTOD M COMVIACOBAHMS BEKTOPHBLIX U MaTPUUHBIX HOpM. [Iarast
AKCMOMa OTHOCHTCSI K T.H. «IOJIHOI» nHTepBasbHoil apudmernke ([1], crp. 48).
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Hopmavt unmepsasvrulx 6eKmMopos U MAMPUY, CO2AACO6GHYL IPYT C IPYTOM, €CIIN s JIIO-
6bix mMarpul;, A u BeKTOPOB b, jjis KOTOPBIX OIpejiejeHo npousBepenne A « b | umeer
MECTO HEpPABEHCTBO:

| A - Bf <[lAl -]

MeTpuka 1 TONONOrNsi B MHTEPBAsbHLIX MPOCTPAHCTBAX. AHAJOTUYIHO OTPeIeJIEHUI0 pac-
CTOSHUSI MEKJIY BEKTOPaMU B JIMHEHHBIX TPOCTPAHCTBAX PACCTOIHUE MEXKY UHTEPBAJIb-
HBIMUA BEKTOPAMHU MOYKHO BBECTH KaK HOPMY BEKTOPa WX PA3HOCTH:

dist(a, b) = ||a — b|.
Ha npocrpaHcTBe HHTEPBAJIBHBIX MATPHI] AHAJOTUYHO MOYKHO BBECTH:

dist(A, B) = |A — B]|.

HeocobetnHnbie nHTepsanbHble MaTpuubl.  Mnrepsanbnas marpuna A € TR™™™ naspisaercs
HeoCcOOeHHOI, ecin HEOCOOEHHBI Bce ToueuHble 1 X n Marpuiitl A € A. UnrepBanbaast
MATPHIA, HA3LIBAETCS OCOGEHHOH, ecm oHa COJAEPKUT OCODEHHYIO TOYEIHYIO MATPHUILY.

IIpumep 3.14 ( Heocobennbie u 0cOGeHHbIE MHTEPBAIBHBIE MATPHULIBI)
PaccvorpumM 1B MATPHUITBI ¥ OTIPEIEINM, OCOOEHHBI JIM OHH.

Bropas marpuiia nonyuena qobaBjieHreM KO BCeM djieMeHTaM mnepBoit marpuiist 1. [Ipo-
BeJleM WHTEPBAJILHYIO OIEHKY OIPe IeTUTENs.

det(A) =[0,1]- 6,7 — [1,2] - [4,5] = [15,—1] 0,
det(B) = [1,2] - [7,8] — [2,3] - [6,7] = [-17,1] 5 0.

[lepBast maTpuma HeocobeHHas, a BTOpas — OCODEHHA. |

NHTepBanbHblii npustak Agamapa. MuTepBaiabHas MaTpHUIla ¢ JHATOHAJILHBIM IpeobJia-
JaHIEeM [BJIAeTCA HeOCOOCHHOI.

CunbHO HeocobeHHble MHTepBaNbHble MaTpuubl. VlHTepBanmbHas MaTpura MOXKET ObITH
HeocOOEHHOI, HO TIPH YMHOXKEHUHU HA, JIPYT'YI0 HEOCODEHHYI MATPHILY, TPOU3BEIeHNE MO-
xKeT OBITh ocobenubiM. zKemaresbHO MMeTh 00Jiee HAMEKHBIN TPU3HAK BO3MOYXKHOCTH
anrebpamyecKux AefCTBHiL.

Uurepsanbuas marpuna A € IR™" cuavno neocobennas (Cusvho HeGwposicoenia,
CUABHO PEYAAPHAA), eCITH HHTepBaibHag Marpuia (mid A)~! - A cymecrsyer u meoco-
benmasi.
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IIpumep 3.15 ( IHapamerpu4eckasi obsactb Heocobennoctu marpur, Hoiimaii-

epa)
Marpunsr Hoitmaitepa umeror Bus |1]:

o 0,2 ... [0,2]
0,2 6 ... [0,2]
A= . . .

0.9 0.9 ... 0

OxazeiBaercst, aTo MaTpuiibl Hoifimaepa geTHOTO mapaMerpa mopsjika 1 HeoCOOEeHHBI pH
6 > n , a Mmarpunpl HedeTHOro mapaMerpa npu 6 > v/n? — 1. Ho ang u g snadennii 6,
6JIM3KMX K TpaHuiie ocobernocTy, MmaTpuilbl HoliMaepa yxe He sSIBISIOTCS CUJIBHO HEOCO-
benmbivMu. Hampumep:

Marpuna Hoitmaepa nipu n = 3, He SBJISIONACT CUJIBHO HEOCOOEHHOI:

32 10,2] [0,2]
A=|[0,2] 32 |[0,2
0,2] [0,2] 3.2

ObpaTHble HTepBanbHbIE MaTpuubl. g neocobernoi maTepBaabnoil Marpunnl A € IR
06pamMHOT UHMEPBAALHOT MaAMPUYeT HA3BIBAIOT

A l=0{A A€ A},

TO €CThb, MHTEPBAJILHYIO 000J0UKY MHOMKECTBA BCEX ODPATHBLIX A/ TOUEIHBIX MATPHII,
cogepkammxcst B A.

IIpumep 3.16 ( O6paTHas MHTepBaJbHAsA MAaTpuUIa 2 X 2 B 00I11IeM BU/IE)

A—l_ a b _1_ 1 d —b _ adgbc ad_j)bc
~\c d Cad—be\ —c¢ a ) \:GF% %/

Ecmm a % 0, 10, smement (2,2) marpuner A~! papen

a - 1
ad —bc  d—bc/a

DTO BhIPAKEHUE COJEPYKUT 10 OJHOMY BXOXKJIEHHUIO KarKJOU MepeMeHHOi B epBO#l cTe-
IEHW U TTO9TOMY €ro 00/ TaCTh 3HAUEHUN COBIIAJAET C €CTECTBEHHBIM WHTEPBAILHBIM PaC-

MIUPEHUEM
1

d—bec/a’
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IIpumep 3.17 ( O6parnas uarepBajibHas MaTpuna 2 X 2)
[Tpumep [1] ¢ Berancsennem o dopmynam u3 nupumepa 3.16. IIycrs

=55 Bu)

ITposepum eé neocobennocTsb. g MmaTpurr 2 X 2 3/IeMeHTHI MATPHUIIBI B OMPEIeTUTEh
BXOAAT TI0 omHOMY pa3y. [losTomy:

det(A) = [2,4] - [2,4] — [~1,2] - [~2,1] = [4,16] — [~4, 2] = [2,20] % 0.

ITo dopmymam 3.16 ¢ omHUM BXOXKICHHEM KAXKJIOTO IJEMEHTA B KAXKI0€ BBIDAXKEHUE,

(24 2\ (B 5
A ‘Qﬂﬂ DA) ‘Qf51@h>'

nMEeeM:

|
IIpumep 3.18 ( O6parHas uHTEpBaJibHAsA MaTpuia 2 X 2 0cobeHHast)
[Ipumep WHTEPBATBHON MATPHUIIBI, COMEPIKAIIEH TOUCTHDBIE 3IeMEHTHI |1]
2 -1
1=(0a 3)
det(A)=2-3—-[-5,2]-(-1)=6—1[2,5]=[1,4] #0
-1
o= ( 2y D) = (G Y
[_572] 3 [575] [571]
ObparHast MaTPUIA COAEPKUT OCOOEHHYIO) TOYEUHYI0 MaTpuily F:
11 1
= - .
E (1 1) ca
|

Tema HEOCOOEHHBIX MATPWI] OYEHBH BAXKHA MJId PABJIUIHBIX TPUIOKeHuil. Boimess-
0T CIEIUAIbHBIE THIIBI MATPUIL, KOTOPbIE TADAHTUPOBAHHO HEOCOOEHHBI, & B HEKOTOPBIX
CAy9IadgX HEOTPUIATEIbHBI, HAIPUMED, B 33/1a9aX, CBA3AHHBIX C 9KOHOMUKON.

OcobenHo 9acTo MOYXKHO BCTPETUTD B JIMTEPATYyPE YIIOMUHAHUE TAKUX KJIACCOB HEOCO-
bennbix Marpuil, kak M- u H-marpurs.
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M-matpuupl. Haa M-maTpuil umMeeT MeCTo:
Ve, € R" w3 Ax < Az’ caenyer = <.

Y M-MaTpuil MHOTO MOJE3HBIX CBOHCTB. s KBaJpaTHBIX MATPUI, MOHOTOHOCTH SKBU-
BaIeHTHA oGpaTnMocTH, mpu 31oM A~ > 0 (mosokuTe bHAsS 0GPATHMOCTS).
Hanpuwmep, npu obpaborke n3obpazkeHuil MOJ0KUTEIBHO 0DpATUMBl MATPUITHI TIOIMED-
KUBAOIIX (DUABTPOB € AWATOHAIBLHBIM Tpeobmamannem. M oOpaTHBI CTUIAXKUBAIOIINAE
GUIBTPHI.

Unrepsansuas marpuna A C IR™ asngerca M-marpunedl Torga m TOIBKO TOT/A,
korma A u A — M-varpunpl. Besxas marepsanbas M-MaTpuiia HeocobeHHa 1

A=A A

WNareppanbuaa M-marpuria npu obpariernn Befer ceds momobHO OJHOMEPHOMY WH-
TEPBAJy BEIIECTBEHHOM OCH, KOJIL CKOPO

71’271}'

a'l=Ja
MOHOTOHHOCTE SIBJSETCS MOIIHLIM cpencreoM uccaenosanus CJIAY mpu orciexn-
BAaHUU BJIMAHUA BOSMyH_LeHI/IH IIPaBbBIX JacTel Ha permrenune:

Ecm b<V mouws Ax=0b & Az’ =0 caegyer z <2’

M -MaTpuiibl UMEIOT Ha TJIABHOM JAUArOHAJIM CTPOIO OJOKUTEIbHbIE SJIEMEHTHI, & BHE
TJIABHOHN AMAroHaJ M — HEMOJOXKUTEeTbHbIe. [JlaBHas AuaroHa b JTOMUHUDPYET B CMBICIIE
CTEKTPATHLHOTO PATNYCA. ITO OUEHD CEPHE3HOE OrPAHNUIEHNE.

Ecnn u3 tpebopannii Kk M-MaTpurie yIajuTh HETOJIOKUTEIbHOCTh HEIUATOHATBHBIX
3JIEMEHTOB, OCTAaBUB MJIEI0 JAMATOHAJIBLHOTO MPeohIaianis, MOKHO TOCTPOUTH KJjacc H-
MaTputl. g 3TOro BBOAUTCA MOHATHE KOMNAGPAHMG MATPUATILI: TOYETHON MATPHIILI, TO-
Jy9aeMoii 3 UCXOIHOM NPUHYANTEILHBIM IIPHCBOGHNEM 3HAKOB djeMeHTam [1].
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4 ntepBanbHoe oueHmBaHme obnacTei 3HaveHU pyHKLMiA

[TocraBum 337849y orneHnBaHus 001aCTH 3HAYEHUH (PYHKIWH, T.€. MHOXKECTBA

ran(f, X) = {f(z) | © € X}

rme X — waTepBasa B R uim xe waTepBaabubl BeKTOP-Opyc B IR.

PaccmarpuBaeMble MOCTAHOBKN TECHO CBSI3aHBI C TEMU, UYTO PACCMATPUBAIOTCSA B TEO-
PUM ONTUMHU3ANWU U MATEMATHIECKOM TPOTPAMMUPOBAHUN — AUCIUATLINHAX, 3AHUMAT0-
IIIUXCS OTBICKAHUEM 3KCTPEMAaJIbHBIX 3HadYeHu pas3maabiX (hynkiuil. PakTudecku, s
uvenpepoiBaoit pyakmuu f 1 X — R nmeer MecTo paBeHCTBO:

ran(f, X) = |min f(z), maxf(z)

ITpakTuyeckn BakKHAd 33/1a9a KOCBEHHBIX MW3MEDEHWI BO3ZHUKAET BCAKWI Pa3, KOTIa
HEKOTOPYIO MCKOMYIO BEJUUYMHY Y HEJIb3d W3MEPUTH HEIIOCPEJCTBEHHO, W OHA JOJKHA
PacCYnTHIBATHCS HA OCHOBE M3BECTHON 3aBUCHUMOCTH

y:f(xlnyV"?xn)

OT OJHOW MJIM HECKOJIBKUX IIEPBUYHBIX BEJIUYUH T, L9, ..., Ln, KOTOPBIE TOJBKO U MO-
ryT ObITH M3MEPEHBI UMEIOIIUMUCS B HAIIEM PacHopsiKenuu mpudbopamu. B stoMm ciaydae
TOBOPAT O KOCBEHHOM M3MEDEHNN BEJIUYIUHDBI Y. PaCLIéT AOBEPUTEJIBHOTO MHTEPBAJIa AJId
y 10 JOBEPUTEIbHBIM UHTEPBAJIAM &1, L3, ... Ly I T1,T2,. .., Ty OPEICTaBIgeT cObOit
3ajia9y OlleHWBaHUs 0bsacTh 3Haderuit pyukmun [ Ha Opyce €1, Xo, ..., &L, € IR.

NutepeanbHele oueHmBarowme dpyHkumm n ux npocreiiwme dopmbl.  [log mATEPBATLHBIM
OlIEHUBAHUEM MbI OyJIeM MOHUMATh 3aMEHy TOYHOH obJracTu 3HaYeHU (DYHKITUYN HA €€ UH-
TEPBAJIBHYIO OIIECHKY. KaquTBO BHEITHEI'0 MHTEPBAJIBHOTO OIICHUBAHMU A O6J'[aCTI/I 3HAYEHU
QYHKIMHU C TOMOIIBIO ECTECTBEHHOI'0 NHTEPBAJIBLHOI'O PACIITUPEHUST CUJIBHO 3aBUCUT OT BU-
Jda BBIDa2KCHUA. TaK, JJIL JIyHHIeTO BbIYUC/JICHUA €CTECTBCHHOTI'O MHTEPBAJIBHOI'O PACIIN-
pEeHUS [TOJTUHOMOB peKOoMeHyeTcs cxema ['opHepa, B KOTOPOI BhIpasKeHUe MPeJICTABIEHO
B BHJe «MaTpENIKAy C BBEIHECEHHEM MepeMeHHOR 3a ckKobkm. M3 cpoiicTBa cybaucTpudy-
TUBHOCTHU CJIeAyeT, 9TO TOTJa TPU MPOYNX PABHBIX YCJIOBUAX PE3YJbTAT UHTEPBAJIHBHOTO
olleHUBaHus Oy/eT 6ojiee y3KUM.

IIpumep 4.19 ( Ouenka KBagpaTHOrO TPEXUJIEHA HA MHTEPBAJIe)
Jlns xBagpaTrOTO Tpéxdtena ¢(x) = 3x2 — 6x + 4 wa maTepnase [0, 2] obmacTs 3HATEHMIT
JIETKO HalTH M3 TOro cOOOpazKeHusl, ITO

glx) =322 —624+4=3x*-22+1)+1=3(x—-1)>+1.
[TosTomy

ran(g,[0,2]) = 3([0,2] — 1)* +4 = 3[-1,1]* +4 = [1,4].

24



B To Ke BpeMsi, eCTeCTBEHHOE HHTEPBAILHOE PACIIMPEHNEe UCXOJAHON (DOPMBI TPEXUIEHA
9([0,2]) = 3[0,2)% — 6[0,2] + 4 = 3[0,4] — 6[0,2] + 4 = [-8, 16],
a pH BbIaucsIeHnn mo cxeme ['opHepa st npecrasienns g(z) = (3x—6)z+4 moaygaem:
9([0,2]) = (3[0,2] — 6)[0,2] +4 = [—12,0] + 4 =[-8, 4].
Nmeem, a0 ncxomuoe Boipazkernue 2 1o ['opHepy 2 KOMIIAKTHOE:

[—8,16] D [~8,4] D [1,4].

Pazmura ouens cyrecTBenua. |

Wrak, BuemnmHne ornenku obJiacreit 3HadeHnil pyHKIUI MOryT OBITH HANIEHBI ¢ TIOMO-
LIbI0 MX MHTEPBaJbHbLIX pacimupenuii. Ho Hackoabko Tounbl 91u ouenku?! Haiei 6Jim-
JKalmel eablo aBJIgeTCd TTOJyYeHne PE3YyJIbTATOB O MOTPENTHOCTH, B THTEPBAJILHOIT MeT-
puke dist, Ajs BHEITHETO OIEHWBAHUS 0OJaCTedl 3HaYeHHUil ¢ OMOIIBIO €CTECTBEHHOIO
WHTEPBAJBHOTO PACIIAPEHNS.

Nunwuuesckas ouerka dpyHkunii. Vcmomssyrores pasmuaabie OneHkn (PYHKINI Ha MHO-
JKECTBAX.
Orenka 1o Jlummuity: eciu A7 HEKOTOPO# KOHCTAHTHI L mMeeT MecTo

[f(@) = f) < Lz —y|,Vz,y € D

To BemectBennasd ¢yukius f : D — R ynosserospsier yciaoputo Jlunmmia. 1logobabim
O6pa3OM OLICHNBAIOTCA BEIICCTBECHHLIC (byHKLU/H/I HECKOJIbKUX I[MEPEMECHHDBIX:

31ech Ly — BEeKTOP-CTPOKa KOHCTAHT.

Onenkn or QYHKINNE ¢ PA3JIHIHLIMA AHAJIATHIECKAMHA BBIPAKEHUSIMHA ITOJIY IAF0TCSI
[0 [paBusIaM, Hog00HBIM TabuIaM Ipou3BoAHBIX [1].

Ilycts — sieMenTapHoe (PYHKIIHMOHAJIBHOE BBIpAsKeHHE OT N IEPEMEHHDLIX, KOTOPOe
SABJSETCS JUIIUIEBLIM 110 popme Ha HekoTopoMm Opyce X € IR. Torma jis mmpunb
€CTECTBEHHOI'0 HMHTEpPBAJILHOIO paciupennda f ma jaobom O6pyce & C X crupaBeainBa
OIIEHKA,

rad (f(x)) < L-rad (x)

¢ KOHCTaHuTol L, He 3aBucdamieil oT x. [IpmHATO TOBOPUTE, UTO «€CTECTBEHHOE MHTEPBAIb-
HO€e pacITuperne NMeeT MEPBBIM TOPIAI0K TOUHOCTUS.
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LUenTprnpoBaHHbie ¢OpMbl MHTEPBafbHLIX OueHMBAOWMX pyHKUnA. [IpuHATO TOBOPHUTH,
uro ang dyakuuu f @ D — R, D C R™ unrepsanbhas onenusaromas Gyrkuus fe(X))
Ha X C D umeer 1MeHTpUPOBAHHYIO (POPMY C TEHTPOM €, €Cjiu Jjisg HEKOTOPOHl BEeKTOp-
crpokn g € RY™, zapucameit or X u ¢, oHa TpeJCTaBIMA B BHIE

fe(X) = fele) +9- (X —¢)
WU, PAa3BEPHYTO,

Fo(X) = fel0) + ) gi(X ) - (X —0)
i=1

rie gi(X, c) — HeKOTOpble WHTEPBAJIbI, 3aBucsIme 0T X U C.
Ecin f — nuddepentupyemas hyHKIMSA, TO MOKHO PACCMATPUBATH ¢; KAK YaCTHBIE
TPOU3BOJHBIE:
_ 0f(=)

Z'Xa -
9i( X, c) 0z,

B koMmMnaxTrOM 3anucu

Frnw(X) = fo(c) + f/(X) - (X —¢)

Boipazkenue f, () HazwiBaor auddepennuanbhoit menTpuposannoii ¢hbopmoit unTep-
BaJILHOTO PacCmuperus (DyHKIWH Win cpeaHe3Hadnol (opMoli, nMes B BUIY MPOUCXOXK-
JIeHne OT TeopeMbl JlarpaHxka o cpeHeM 3HAYCHUH.

Kaxkue nenrpupoBastbie (GOPMBI CYIIECTBYIOT TOMUMO A depeHnnaabaoi?
Ecnm moxno ma MHOKecTBe D HaiiTh pasioxenue Vr,y € D:

fa(z) = f(y) + f(z,y) - (x —y)

Ha3bIBAETCS HAKJIOHHON (hopMoit mHTEpBaIbHON oneHuBaroieil pyuxiun f na X c mneH-
TPOM B TOUKe ¢ (HyxkHUI uHekc sl o3nadaer slope). B ognomeprom cayuae (n = 1) upu

T £y
fé(x,y): f(l‘)—f(y)
-y

T. €. HAKJIOH (DYHKITMYM COBIAIAET C €€ pa3esiéHHOIl pa3HOCTHIO IIEPBOr0 MOPHAJIKA.

IMpumep 4.20 ( Onenka Kybudeckoro nosutoma f(z) = x° — 322 + 4z + 2)
Pacemorpuum 1| kybudaeckuit moamHOM Ha mHTepBase [0,2].

Cepenuna nareppasa mid (x) = 1.

[IponsBo/Hast ¥ HAKJIOH DABHBI COOTBETCTBEHHO:

fl(x) = 32®—6z+4,
fAzy) = 22+ay+y?—3x+y)+4

Pamee 6b11a HafigeHa Tounas 06/1aCTh 3HAUEHNI IIPON3BOIHON Ha PACCMATPUBAEMOM WH-
TepBaJe:
ran(flv {07 2]) = 3([07 2] - 1)2 + 4= 3[_17 1]2 + 4= [17 4}
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Hanee obosuagaem ran(f’,[0,2]) xak f/([0,2]). duddepennuansuas neaTpupoBanHas
(cpesnesnadnast) bopMa MHTEPBATLHOIO PACIIMPEHUS PABHA B PACCMATPUBACMOM CJIy-
qae:

orHOCHTELHO TeHTpa ¢ = 0: f1,,,([0,2]) = £(0) + f/([0,2]([0,2] — 0) = [2,10]
orHOcuTe bHO nenTpa ¢ = 1:f,,([0,2]) = f(1) + £/([0,2]([0,2] —1) = 10,8
oTHOCHTEbHO HenTpa ¢ = 2:f,,([0,2]) = £(2) + £([0,2]([0,2] —2) = [-2,6]

Brrauncsivum HakgoHHBIE (DOPMBI HHTEPBAJBHBIX paciupenuii pyukiun. [lockoabky

3\? 7
fé(z,0) =2 —3x+4= (:E—) + -,

2 4
" 3\* 7 [7
FA(10.2,0) = xan(r4(10.2.0) = (0.2 - § )+ = | 1.9].
[TosTomy
JQQQQLW==f@)+f4QQ2LODQQ2]—0)224-£'Wﬂ]Z[Zlm-

Ananorunano

fsl([()? 2]7 1) = f(l) + fé([oﬂ 2]7 1)) ) ([072] - 1) - [276]7

fsl([ov 2]72) = f(2) + fé([ov 2]72)) ' ([072] - 2) - [_276]'

Nrak,

fmv(mamid (:Ij) = [038]’ fsl(mvmid (CC) = [276]a
fmv(l’»@) = [2’ 10]’ fsl(w’g) = [2’ 10]’
fow(®, @) = [—2,6], falx,T) =[-2,6].

Tounas 06J1ACTh 3HAUEHWIT PACCMATPUBAEMOTO MHOIOYIEHA, KaK OBLIO YCTAHOBJIEHO pa-
Hee, paBHa [2, 6]. |

Kax Buanm, KOHKpeTHOe 3HaUeHNe BHENTHEHN OIeHKH CYIIEeCTBEHHO 3aBUCUT OT IIEHTPA
pazsioxkenusi. Ho npu 0HOM 1 TOM 2Ke [€eHTPE HAKJIOHHAs [EHTPUPOBAHHAA (POpPMa I10-
CJIETOBATE/IHHO MPUBOIUT K 00JIee KAYeCTBEHHBIM Pe3y/abraraM, deM nuddepenuaabaast
IeHTpUpoBaHHas (cpeaHesnadnast) dpopma. MoxKHO MOKa3aTh, 9TO B JEHCTBUTEILHOCTH
BCerJa uMeeT MeCcTO BKJIIOUeHUE

fA(@,0) C f'(x)

a IUpUHA MHTEPBAJBLHOTO PACIIUpEHNs HAK/JIOHA paBHA MPUMEPHO TOJOBHUHE ITUPUHBI
OT MHTEPBAJBHOTO PaCIIMpenus npon3soanoil (rpagmenta). [losTomy muprHa BHEMTHEH
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OIEHKU [IPY TOMOIIU HAKJIOHHO# (DOPMBI IPUMEPHO B JIBa pasa yzKe, 4eM IIUPUHA BHEII-
Hell OTEHKY ¢ TTOMOIIBI0 cpemHesHaTroi dpopmbl. Emé onro mome3noe HadI01eHe, Kaca-
I0IEeeCs PACCMOTPEHHOTO [IPUMepa, COCTOUT B TOM, YTO TOYHas 06/IaCTh 3HAUEHWI (DyHK-
1u, paBHast [2, 6], MOKeT OBITH MOJTYUeHA Ty TEM MepecedeHrst BHEITHUX OIeHOK [ (&, x)
u fg(x,T) , 1aBaeMbIX HAKJIOHHBIMU (POPMAMU OTHOCHTEIBHO JBYX PA3HBIX IEHTPOB.

fsl(w7£) N fsl(m7i) = [_276] N [27 10] = [276]

[lepecedyenne pa3auIHbIX WHTEPBAJIbHBIX PE3YIBTATOB JJIs YJIyUIIIeHUS BHEITHEIO OIEHU-
BaHWA — 9TO OOIMUil TPUEM, KOTOPBI MOXKHO MPUMEHSTEH ITOYTH BCErIa, XOTs, KOHEIHO,
HEJIb3s HAJIESAThCH, YTO BIYUC/IIEMbIE C €r0 MTOMOIIbI0 NHTEPBAJIBI BCeria OyIyT JaBaTh
Tounyi0 00JiacTh 3uaveHuil pyuxkumu. Bmecre ¢ Teoperndeckum pe3yabraroM 00 OnTH-
MaJIbHOM BBIOODE MEHTPOR PA3JIOKEHWH, NJiesi TIePeceveHnsi MHTEPBAIbHBIX OIIEHOK CJIy-
JKAT OCHOBOM TaK HA3BIBAEMOI OUIIEHTPUPOBAHHON (hOPMBI HMHTEPBAJIBLHOTO PACITHPEHUS
dbyuximit (reopema BaymanHa):

fbic(x) = fmv(xy C*) N fmv(wv C*)a

TJIE Cx, C* — HEKOTOPBIE CIEMHAIbHbIE TOUKHA Gpyca €, KOTOPBIe HECTOKHO HAXOSITCS 110
dyurum n natepsaty. [lpn MonoToHHOCTH MYHKINU f — 9TO YIJIOBBIE TOUKH.
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5 WuTtepBanbHasi rnobanbHas onTuMmnsaums

SHI/ITQT <<I‘.HO6a.HbeH7D> 03HaYa€T B JaHHOM KOHTEKCTE, 9TO NIICTCA HAUJ1ydIIee 3Ha9CHUEe
nesieBoit pyHKIUU Ha BCell paccMmarpubaemoit obsiactu. Ilpu sTom mpejnosiaraercs, 4To
nesieBasg PYHKINS MOXKET HMETh BeChbMa OOIINii BIU/I.

st mpocToThl HyieM paccMaTpuBaTh 3a4ady TI0OAIBHON OMTUMUBAINY BEIECTBEH-
vosnaunoit dpyukmuu f: X — R wa npamoyrossaoMm 6pyce X C R™ ¢ rpansmu, mapaJi-
JIETBHBIME KOOPAUHATHBIM 0csiM. OT 11e1eBoit pyHKINN He TpebyeTcst HempepbIBHOCTH. B
o0111eM Bre 3aJa4a HalTH

inf f(z). (7)

reX

Bennuwny inf f(x) mbr 6yzem ofosHavuaTh (B cjaydae, ecou OHA CyIIecTByeT B R)
Tepe3 f* m Ha3BIBATDL «IIODATHHBIM MUHUMyMOMs. Tpebyerca Haiitw f* duciaeHno, T.
€. MBI XOTUM TIOCTPOUTH AJITOPUTM, CIOCOOHBIN BBIMUCANTD C JTF000I Hamepé s 3a1aHHol
TOYHOCTHIO TIpUbJIMKeHre y* st f*, a TakKe ero morpentHocTs |f* — y*|.

B ciy4vae, korja HeT anpuopHOil nHGOPMAIUE 0 XapaKkTepe TI00aJIbHOTO TOBEIeHUsT
1eIeBOM (DYHKITMM ¥ CTPYKTYpPe eé JIOKATbHBIX IKCTPEMYMOB, JIId PelleHus 3aj1adu 7,
MO-BUJINMOMY, HEM30€KHO IPUMEHEHHEe METO/IOB, B TOM WJIM WHOM BHUJE OCYIIECTBJISIO-
muX 1nepebop U CpaBHEHHUE «BCEX» TO4eK obJacTu oupejesenusi. B wacrHocTH, Teopema
Kpeitnosuua-KupdorTta yrBepKaer, 4To 3a mpejeaMu KJIacca BBITYKJIbIX QyHKIHH 3a-
Jlaua HaXO0XK/JIeHus TI00aIbHOr0 MUHUMYMa siBjsieTcs TpyaHopemtaemoit (NP-rpyanoit).

MpocTeiiwnii meTon rnobanbHoi onTuMusaunn. MoKHO JIT BBECTH B 9TOT IPOIECC «00-
PaTHYIO CB#A3by» W JAPOOUTH Opyc 06JIaCTH OIpejiejieHus, [M0/ICTPANBAsCh II0]I TEKYIIue
pe3yabTaTh onleruBanus! Jla, HaI0 BRIYUCAATE BHEITHUE OTEHKH JIUIITh TOT/A, KOTJAA ITO
,Z[efICTBI/ITeJIBHO HeO6XO,Z[I/IMO, LITO6]:»I YMEHBITUTH O6H.LI/I€ BBIYUCJIUTEIHLHBIC 3aTPATHI.

Berauciennst MOTyT 6BITH OCTAHOBJIEHBI B CJIYUaE JOCTHKEHUS «JOCTATOUHON Y30CTH »
wHTepBaJa, oreruBatontero f*. Jljaga yaydmienns: oreHku 001acTh 3HAUEHNN (DYHKIUYT HE
HYKHO JIpoOuTH BCe moabpychl UexoaHoro 6pyca X, a JUIlh Te U3 HUX, HA KOTOPBIX J0-
CTUTAIOTCS HUKHUI ¥ BEPXHWI KOHITBI MHTEPBAILHON OMEHKY 001aCTH 3HAMEHWIH (DY HKITH,
a paccekaeMblie O6pyChl He 00s13aTebHO IPOOUTE O BCEM KOMITOHEHTaM cpasy (dro yBe-
JIMUUBAET 1EHY KazKJ0r0 OT/EJBHOTO mara paboThl ajrOpPUTMA), BAXKHO JIMIIb, ITOOBI
pasMepbl MOJIYYIAIOINIUXCs 1Mocye JIpobjennss OpycoB ObLIU MEHBINE pa3Mepa HUCXOJIHOTO
bpyca.

PaccmorpuM Haxoxkaenue min f(x), aqroput™ BerumcaeHus max f(x) crpouTcsd aHa-
JIOTUYHO.

Auroput™m fyis rnobanasroit MuanMmusaruu Gyakmun GlobOpt onepupyer ¢ pabounm
CIUCKOM L, B KOTOPOM OYAYT XPAHUTHCS BCe ODPYCHI, MOIYYAIOIIHECs] B PE3YabTaTe Ap00-
JIEHUST UCXOHOTO Opyca 001acT onpeeerus Ha, bosee meakue moabpycel. OHOBpeMeH-
HO ¢ caMUMHU TTog0OpycaMu 6ymeM XpaHuTh B pabodueM CIHCKE W HUXKHEIE OIeHKHN obJiacTei
BHAYEHWI T1e/1eBOH (DYHKITHH TT0 9TUM TOAOPYcaM, Tak 9TO daeMeHTaMu criucka L OymayT
sanucu-mapsl Buga (Y,y), tne Y C X,y = f(Y).
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IlepBonatanbuo B pabounii cumcok momermaercs onua 3anuck (X, f(X)), u ganee
KaKJbIN Iar ajropuTMa COCTOUT B M3BJICYEHUN M3 ITOrO CIIKMCKa Opyca, KOTOPBIi obec-
[EYNBACT PEKOPAHYTO (T. €. HAMMEHBIIIYIO) Ha JaHHBI MOMEHT OIEHKY MUHUMYMa CHH3Y,
ero apobjennn Ha boJiee MeJIKHUE MOAOPYCHI, OIIEHNBAHUN HAa HUX [eJ1eBOi (pyHKINH, 3a-
HECEHUN Pe3yIhTATOB 0OPATHO B pabodunit CIIHMCOK.

Ha k-om mare agropurma pabounii cnucok £ cOCTOUT u3 k MITYK 3amuceii-ap BUAA
(Yi”“, yi’k), 1=1,2,....,k, u mna ynobcrea 06pabOTKU MbI HyIeM CUNTATH UX YIIOPSIIO-
YEHHBIMHU 110 BO3PACTAHUIO 3HAYEHUN BTOPOTO MOJIs, T. €.

L= {(YEr ybky (YR R,

rie
Yk C X, y“lC = f(YZ’k), y”k < yj’k mpu i < j.

Ocobyto poJib B MCHOJHEHUH AJTOPUTMA UIPAELT [MEPBasl 3alUCH CIUCKA L, KOTOPYIO
Ha3BIBAOT Beaylei 3anchio. CoorBeTcTBeHHO, 6pyCc Y Oyaer Ha3bIBATHCS BEAYIINM OPy-
COM, a OIIeHKa Y — BEAYIIeil OIEeHKON I/l JAHHOTO IMara aJropurMa. Beayimast oleHKa
SBJIAETCH HAMJIYYINeil TEKYIIeil OIeHKOM MUHUMYMa T1e1eBoi (PyHKINN CHU3Y, JOCTHTHY-
TO} aJITOPUTMOM K JAHHOMY IIIary.

Bxon
Nurepsansioe pacmmpenne f : IX — IR neneroit pyuknnm f.
3aganHast TOYHOCTEL € > 0

Brixon

Ormenka y* rmobanbnoro Munumyma f* dyukmmn f Ha 6pyce X.
Auropur™m

Y « X;

serancasieM f(Y') u mpucsauBaem y <— f(Y);

nanraansupyem crincok L := (Y, y);
DO WHILE (wid(f(Y)) > ¢)
BeIOMpaeM KOMIOHEHTY [, o KoTopoii 6pyc Y umeer
HaubobINyi0 mupnny, T.e. wid Y; = max; wid Y,
paccekaem 0pyc Y 10 [-if KOOpAWHATE MTOMIOIaM
Ha 6pyce1 Y/ n Y :
Y' ={Y;...,Y,1,[Y;,mid Y)Y, Y}
Y” = {Y1 e ,Ylfl, [mld Yl, YZL YlJrl ey Yn}
perancagem f(Y') u f(Y”);
npucsausaem v’ <+ f(Y' uv” «+ f(Y";
yaansem 3anuch (Y, y) u3 cimcka L;
nomeraem samucu (Y, v') u (Y, v") B crmcox L

B TIOPSAZKE BO3PACTAHUSA BTOPOTO TOJIS;
o6o3HAaTaEM TEPBYIO 3aMKCh crcka Jepes3 (Y, y);

END DO

Yy ey
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[pobneHue bpyca st yaydIIeHust OMEHKT 06JACTH 3HAYEHUH (DYHKITUH He HYKHO JTPO-
6uThb BCe moAbpychl ucxoaHoro 6pyca X, J0CTATOYHO PACCEYb JIMIh T€ U3 HUX, HA KOTO-
PBIX JIOCTUTAIOTCS HUYKHUN ¥ BEPXHUN KOHIIBI MHTEPBAJIbHON OIEHKU 00J/IacTu 3HAYEHUT
bynkimm;

paccekaembie O6pychl He 00d3aTe/bHO APOOUTH MO BCEM KOMIIOHEHTAM CPa3y, BasKHO
JIATITB, 9TOOBI PA3MEPHI TTOJIYYaIOIIHXCs TTOCIe TpobeHus OpycoB ObLIN MEHBIE pa3Mepa
nCcxXomHOTo Hpyca.

st nemoncTparnuu 6y1eM ucnosib3osarh hyHKKImo function [Z, WorkList | = globopt0(X)
[8]. Ona Bosepamaer 3nauenne riaobasbHOro sKCTpemMyma Z u padbounii cnincok WorkList.
Pabora anropurma MOCTPOEH Ha TOCJEI0BATEBFHOM CYKEHUU MHOYKECTBA, HA KOTOPOM
UIMETCA OIITUMYM.

Paccmorpum 2 mpumepa u3 mucceprarmn [9].

IIpumep 5.21 ( @Pynkuusa Pacrpuruna 10)
@Oyuknus PacTpurnia MupoKo UCHOIL3YETCs I TECTUPOBAHNST METO0B OTTHMU3AIITH
n uMeeT BUJL

fr=2"4+y*—cos(18- ) — cos(18 - )

Ha pucynke 10 mokazan rpaduk pyHKIUU B ITHPOKOH 00IACTH.

500

400

Puc. 10: I'pacduk dynkimn Pacrpuruaa 10 #Ha mmpokoit obiactu onpe/iesieHust

I'padur byuxmmm — mapadosons; ¢ HAJTOKEHHBIMA HA HETO OBICTPOMEHTIOTITIMUCS
KoJIeOaAHUSIMU.

Ha pucynke 11 nmokazan rpaduk Qpyakun BOIM3M HATAIA KOODIUHAT.

MunuMym byHKIME JocTHraeTca npu 3uadennn aprymenta x = (0,0) u pasen —2.
Bajgaem Opyc, Ha KOTOPOM HIEM DEIeHre, KaK

Ha pucynke 12 mpescTaBjieHBl TOCAEI0BATEIBHO YMEHBITAOIINECS DPYChI, HA KOTO-
PBIX UIMETCST MHTEPBAIbLHOE pacimpenue PyHKImn. [JI00aIbHbIIT MUHIMY M
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Puc. 11: I'pacduk dyukimun Pactpurnaa 10 863 Havaga KOOPIUHAT

-6 -4 2 0 2 4 6
Puc. 12: I'nobanpuas ontumuzaius. yukius Pacrpuruna 10

Z=-2

JOCTUTACTCA B HaYaJi€e KOOPpAWHAT. |

IIpumep 5.22 ( ®yukuusi PozenGpoka 4)
®ynuknusa Posenbpoka 4 TOXKe MUPOKO UCIOIB3YETCH JIJId TECTUPOBAHUS METOJIOB OIITH-
MU3AIAN ¥ UMEET BUJT

fr =100 - (ac% — x2)2 —(z1 — 1)2

Ha pucynke 13 moxazan rpaduk (QyHKIUH B IUPOKOH obsactu u BOIM3U Havaa
KOOPIMHAT.

I'pacduk dpyuxkuum numeer tun "cepno’. MunnMyM (DyHKITHE TOCTUTAETCS DU 3HAYTE-
Hun aprymenta = (1,1) u pasen 0.
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Puc. 13: I'nmobasbuast ontumnzanusg. Oyuaxiusa Po3enbpoxka 4 B OKPECTHOCTH €€ 9KCTPe-
MyMa

BamaeMm Opyc, Ha KOTOPOM HINEM peIlieHne, Kak

X =[-30, 30]x[-30, 30].

307

10

X5
o
I F#]

-30 : ‘ ‘ ‘
30 20 -10 0 10 20 30

Puc. 14: T'nobanbras ontumusanusg. Oyukius Pozenbpoka 4

Ha pucymke 14 npeacrtaBjieHbl MOCIEI0BATENIHHO YMEHBITAONINECST OPYChl, HA KOTO-
PBIX HINETCS UHTEPBAJIBHOE paciiuperue (hbyHKIIUH. |

O1HO U3 CAMBIX TIEPCIEKTUBHBIX TPUMEHEHNH HHTEPBAJIbHOIO OIEHUBAHUS — MEXaHU-
Jeckue KOHCTpyKimn. B 9Toit obractu nanbo,/iee eCTeCTBEHHO TPEACTABICHNIE BO3MOXKHBIX
nepeMereniii Kak reoMeTpuyIecKux objacrell ¢ MHTEPBAIbHON HEONIPEIE/IEHHOCTRIO, KaK
JIsl MEXaHU3MOB, Tak U Jijisi Guomexanuku [7].
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6 JluHeilHble 3ama4m

MHoxecTBa pellueHUniA MHTepBafibHbIX ypaBHeHWii. Maremaruvuecku CBOWCTBA M OTHOIIIE-
HU, IIPeJCTABJIAIONINe 334a4y, MOI'YT BblpayKaTbCs, TOUYEUYHLIMUM YPaBHEHUSMU, Hepa-
BEHCTBAM®W ¢ T. . MOTYT TpecTaBUTLCA CAEAYIONINE ABe TPUHIUTHAILHO PA3IUIHBIE
CUTYAITNH:

[ ] PaCCManI/IBaeMOe CBOMCTBO UMEET MEeCTO JJId BCEX TOYCK M3 3aJaHHOIO MHTEepBaJjIa.

e CBOMCTBO BBIIOJIHAECTCH JUIIL /sl HEKOTOPbIX TOYEK M3 MHTEPBaJa, He 00s3aTe/Ib-
HO BCEX.

[TpuraATa CAEAYIOMAA TEPMUHOTOTHSA:
® B IEPBOM CJiyuae roopar o V-rune (A-Ture) HEonpemeéHHoCTH,
® BO BTOPOM cJjiydae roopsar o 3-ture (E-tumne) neompeaeséHHOCTH.

B nepsoM caydae mHTEpBa OTOMXKIECTBISETCS C COBOKYIHOCTLIO BCEX CBOUX TOYEK,
TOT/Ia KaK BO BTOPOM OH TIPEJCTABJIAET CODOM JIUIIE TPAHUTIBI, «BMECTHINAIIES I/ HEKO-
TOPOIl HEM3BECTHON BEIUYIHUHLI, KOTOpas MOXKEeT W He IPHHAMATL HEKOTOPLIX 3HadueHHi
U3 33/IaHHOTO HHTEPBA/IA (BO3MOKHO, 9TO OHA IPUHUMAET Ja2Ke TOJBKO OJJHOTO 3HAYEHUEe
U3 WHTEPBAJIA).

Jns kpaTKoCTH BIOJIHE YMECTHO TOBOPUTH MHTEPBaAbHAS A-HEONPESeEHHOCTD, UH-
TepBaJibHasg E-Heompeae éHHOCTD U T.II.

Jamee MBI cobMpaEMcsT UCCAEIOBATDL JIUIIL MHOMKECTBA, PEeIleHni, Y KOTOPLIX B BhIIe-
JIAIOIIEM TIPEINKATE BCE BXOXKIECHUS KBAHTOPA BCEOOIIHOCTH «V» TPENINECTBYIOT BXOXK-
IEeHUSIM KBAaHTOPa CYLIECTBOBAHUS «J». MOXKHO CKa3aThb, YTO COOTBETCTBYIONIUI BLIje-
JISTFOIIU I TIpeinKaT A0JKeH uMeTb A E-dopmy.

[Tyers mveem UCJIAY

Ar=0»b (8)

C HHTEpBaJILHBIMU M X n-Marpuieit A = (a;;) u m-sekropoM b = (b;) — aro dopmas-
Has 3alKUCh, 0003HAYAIOMIAA CEMEHCTBO TOYEYHbIX JIMHEAHBIX cucreM Ax = b Toil XKe
ctpykrypol ¢ A € A u b € b. Kaxknast cucrema MUHEHHBIX agrebpandecKux ypaBHeHH
Az = b, MmaTpuita KOTOPO# B3ATa U3 MHTEPBAJBHON Marpuilsl A, a mpasasi 4acTb b u3 b,
MOXKET UMETH PENIeHU A, KOTOPHIC BO MHOTHUX MTPAKTUYECKUX CUTYAIINAX UMEeET CMbICJI pacC-
CMATPUBAThL COBMECTHO, €JINHON COBOKYITHOCTHIO, T. €. B3AB UX o0beaunuenne. Takum o6-
Pa30M IOy 9YaeTCa TaK Ha3bIBaeMOoe 066edunénnoe mhoocecmeo pewenuti(united solution
set)

Zuni(A,b) = {z € R" | cymecrBytor takne A € Aube b, uro Axr =b} 9)

D10 HamboJsee MPOCTOE U €CTECTBEHHOE MOHUMAHNE «PEIeHUsTy UHTEPBAJIBHON CUCTEMBI
YpaBHEHUN.
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Bropomy Ty corsacoBaHmWIoO TapaMeTpPOB M JaHHBIX COOTBETCTBYET TaK HA3bLIBAeMoe
doONYcKo8oe MHONHCECTNEO PEWeHUT, MHTEPBAJIBHON JTUHEHHON CUCTEMbl yPAaBHEHUT — MHO-
2KECTBO, OIIpeJieJIgeMoe KaK

Zi(Ab) = {x € R" | mra aroboit A € A cipaBe/jinBa npuHaIekHOCTE Az € b }

(tolerable solution set). DT0 MHOMKECTBO peIleHHH BCEBO3BMOMKHBIX TOUYETHBIX CHCTEM
Axr = b, ans KoTophix npoussegenue Axr npwm nobbix A € A nomagaer B MHTEPBAJIbI
mpaBbIX dacTeit b.

JlomryckoBOEe MHOXKECTBO PEIICHUN MOYKET OKA3aThCHA IIYCTBIM, €C/IM WHTEPBAJIBI TIPa-
BOM YacTU CJAUIIKOM Y3KU B CDABHEHUM C WHTEPBAJAMU SJIEMEHTOB MATPHIIHL.

Bcerga umeer mecro oTHOImeHne

Etol(A> b) C Eum(Aa b)>

T.e., JJOMYCKOBOE MHOXKECTBO DEITIEHN BCETIA SIBAAETCS MOAMHOKECTBOM 00beIMHEHHOTO
MHOZKECTBa PeIICHUN.

O6cymuM TTpuMepbl BAPUAHTOB BO3MOXKHBIX 00benHenbix objacreii permenus WC-
JIAY, onpobHoe u310KeHNE BOIPOCa eCTh B Iybaukarmn  |6).

ITpu anannze Mbl OyAeM UCIIOIB30BATH MAKET ITPOTPAMM /it 2-MEPHOT0 0TOOPaYKEH! s
HHTEPBATBHOTO MHOXKeCTBa pernennii IntLinlnc2D [12] musa cpexpr Matlab wiu Octave.

Jna HEN3BECTHBIX N3BECTHbLI MX CYMMa 1 AONOJHMTENbHbIE yCioBusa. PacemorpuMm camyio
IPOCTYIO U3 BOBMOXKHBIX cuTyaruil. IlycTs jjist HEM3BECTHBIX X1, L2 U3BECTHBI UX CYMMA U
€CTH YCJOBUS JjIsI KaXKI0M MEPEMEHHOM T0-0TAEIbHOCTH. KCIn Tpu 3TOM €ITe U X1 =~ X9,
TO ¢ TOYHOCTBIO JI0 MHOXKHTENEl crcTeMa ypaBHeHuii (8) umeer Bu

Il ~1
r1+x0 =2
9 ~1

«Perenue» sroit cucremnbr x1 ~ 1,29 >~ 1. g dhopMaabHOil TOCTAHOBKY 3a/a9¥ 33/1a-
JIIM WHTEPBaJIbl KOMIIOHEHT paBo#t yactu paBuabiMu 0.1.

IIpumep 6.23 ( O6begunennoe muoxkecrBo pemtenuii ICJIAY 3x2)

10 [0.9,1.1]
A=|1 1], b=1[][1.9,2.1] (10)
0 1 [0.9,1.1]

s mpencTaBIeHns pe3yabTaTOB 37eCh W Jajiee MCIMOAb3yeM makeT IntLinInc2D.
CI/IHTaKCI/IC BBISOBa IPOTPAMMBI JIJId TTPEACTABJICHUA O6’be,ZLI/IHeHHOI‘O MHOXKeCTBa pelre-
HU:

[V, P1, P2, P3, P4] = EgnWeak2D(infA, supA, binf, bsup).
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x1 + 29 = [1.9,2.1] z1 + 23 = [1.6,2.4]

)

b _ o ____]

e ccccceed e e - - - -
e _ _ _ _____ ]

T2
S P B i p————

0 T1 2 0 T 2

Puc. 15: ®opmuposanne 06bequnennoro Mmuoxecrsa permennit MCJIAY (10). Cnpasa —
caydail ¢ bosee «IMMPOKOity MpaBOil 4aCThHIO

QOyHKIINA BO3BPAIIAET OPUEHTAIMOHHYIO0 MaTpuily V u 4 MHOXKecTBa TOoUek: P1, P2,
P3, P4, mo ofHOMY Ha KaXKblit opTanT Ha 2D-mockoctu. OPUEHTAIIMOHHAST MaTPHUIA
COZEPKUT TOYKHU IepecedeHnd MHOXKECTBA C OpTaHTaMM, MHOXKeCTBa P1-P4 — BepmmHbL
MHOZKECTBa B KarKJOM OPTaHTE. |

O6sacrb 0OBEIMHEHHOIO MHOXKECTBA PEIIeHUN 0003HAYAETCS TOJIYIIPO3PAYHOl 3a-
JWBKOW, TPaHUIA JaHa IMMTPUXOBONU JTUHUEHN.

Kak obpazyetca reometnyeckas dopma obbeguHeHHoro muoxectsa? PasbepeM Bompoc Ha,
npuMepe 6.23: mitrocTpanus 15, pUCYHOK CJIEBA.

ITycts w3 cucrembr ypasueruii 10 uckiaoueHo Tperke ypasuenue. OHO uMeeT GOpMy
napaJuieJorpaMMa, OrpaHUYeHHOTO AUArOHAJBHON ITOJIOCON U BEepPTUKAJIBHOHM IIOJIOCOMH,
Y9TO COOTBETCTBYET OI'PDAHUYICHUIO Ha TMIEPEMEHHYIO 1, 3aJdHHYIO IIEPBHIM yYpPaBHEHUEM 1
10.

Temeps, HaobopoT, uckaounM 1mepsoe ypasuenne. Ero obbeannentnoe MHOXKECTBO pe-
meHuii copMUPOBAHO MEPECEYEHNEM JIMATOHAJIBHON U TOPU30HTAJNBHON mojioc. B sarom
CAydae WMeeT MeCTO OTPAHWYEHNe Ha TEPEeMEeHHY0 To, 33/JaHHYI0 TPETHUM yPABHEHUEM.
[Iepecedenne 3THX MHOXKECTB 00pa3yeT IMIeCTHyroJbHuK. Takas dpopma o6beTmHEeHHOTO
MHOXKECTBA, PEIEeHUH TUIMIHA, s Caydas ¢ «rouednoity marpureit MCJIAY. Ecin aie-
MEHTBI MATPHUITBI UHTEPBAJIbHBI, (DOPMbI 00'bEIMHEHHBIX MHOXKECTB PEIIeHUN MOT'YT UMETh
ropasno 6ojee CJIOXKHDLIN BH.

Ha mpasom pucyske ¢ mittocrparun 15 nokazan npumvep UCJIAY B ciyuae, ecau
«IT0JI0CA» X1 + To =~ 2 UMeeT HU3KYI0 TOYHOCTh. B TakoMm ciydae IOTyCKOBOE MHOXKECTBO
CTaHOBUTCA YETHIPDEXYTOJBHUKOM, KaK 6y,Z[TO ypaBHEHUE C CyMl\/IOfI IIEPpEeMEHHbIX X1 W X2

ne sxoguT B UCJIAY.

[nsi nepeMeHHbIX N3BECTHBI NX CyMMa 1 OTHOWeEHNE PaccMoTpuM CJIeIVIONIYIO XapaKTep-
Hy0 cuTyarun. [IyCcTh 7/1st TepeMeHHbIX T, Ty U3BECTHBI WX CyMMa ¥ OTHOIIEHWE MEeXKTY
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HWMH.

T1 ~ 2

1+ To > 2 }

o 3
Jutst bopmabHOM MOCTAHOBKY 331a9u 333 UM WHTEPBAJIbI KOMIIOHEHT IMPABOW YacCTh
pasubivu 0.2. To 2ke camoe ¢aesaeM ¢ 3J1eMeHTaMI BTOPOil CTPOKH MATPHILI YPABHEHH,
LIOCKOJIbKY HEOLPEJIEJIeHHOCTh MMEET OTHOIIEHUE 1IepeMeHHbIX.

IIpumep 6.24 ( O6begunennoe muoxkecrBo pemtenuii UCJIAY 2x2)

A= ([2.8,13.2] [—2.2,1—1.8]> b= (DB(’)Z'Z}) (11)

1

Puc. 16: ®opmuposanne 00bequrerroro Muoxecrsa pemennit TCJTAY (11)

Kak obpasyetcs reometuyeckasi popma obbEANHEHHOrO MHOXECTBA pUCyHOK 16 ans npu-
mepa 6.247  Tlo-npexnemy, kKak B mpumepe 6.23, 0IHO U3 MHOKECTB — I10JI0CA, Mepe-
CEeKAIoIast OCH KOOPAWHAT. A BOT BTOpasi (DUTypa Temepb YroJ, ¢ BEpIMHON B HaUase
koopuHar. Ero Guccekrpuca nmeer HAKJIOH, 3ajaBaeMblii BTOpbiM ypasHenuem (11); a
06pazyoIIe OMPEIEISIIOTCS CTEMeHbI0 HeOTPEIeIEHHOCTH 9TOT0 OTHOIIEHWS.

BHewHsAs oueHka mMHOxecTBa pewenuii. Breinbnee oneHuBanue o0ObeINHEHHOTO MHOXKE-
CTBa pEnIeHMA.

Hrmepsaavnoiti memod laycca-3etidesss SBIIsI€TCS UTEPAITMOHHON TIPOIIE Iy PO J11st
YTOUHEHUS yyKe U3BECTHON BHEITHEl onenkn MHOKecTBa pemenutt UCJTAY suga Az = b,
b0 JIId HAXOYKIEHWS BHEITHEN OIIEHKW YaCTU MHOXKECTBA, PEIIeHuil, OTPaHWIeHHOM
HEKOTOpPBIM OpycoM. OBBIUYHO ero TPUMEHSIOT MOC/e MPEIBAPUTEIBHOT0 Mperodycias-
JIUBAHUS CUCTEMBI.
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Bxon
WNurepBasbHast muHnefiHas cucTeMa ypaBHenuit Ax = b
Bpyc z = (x1,...,2,)" € IR", orpannausaromniumit
JKEJTAEMYI0 9acTh 00beINHEHHOTO MHOYKECTBA, PErIeHunit =y (A, b).
Koncranra € > 0

Brixon
. ~ ~ T —
YTouHéHHAS BHEIIHAS ONeHKa & = (Z1...,%,)" 2 Euni(A,b)Na
JIUTsT 9aCTH MHOXKECTBA PEINeHuii, cojiepaKarieiics B &, Jubo
urdOpMaInsa MHOKECTBO Zypni(A, b) He nmepecekaer ncxomublil 6pyc .

Asropur™m
q < +0o0
DO WHILE (¢ >¢)
DOFORi=1TOn

i—1
T; — x; N bi — Z aijT; /am
j=1
IF (#; = @ ) THEN
STOP, curnamm3upyst MHOXKECTBO pertennii =, (A, b)
He TIepecekaeT Opyc @
END IF
END DO
q ¢ paccTosHUEe MEXK/Ty BEKTOPaMu T U T = (Tq,...,%n)";
T T
END DO

ITpumep 6.25 ( UnrepBanbubiii meron Faycca-3eiigesis)

c)e X0 - (523)

[Mpunmumuaabras mpobiaema Mmeroga laycca-3eitmens — 3aBUCHMOCTD TIPOIECCA OT
BEJIMYUMHBI IMATOHAJBHBIX 3JEeMEHTOB. IIpn mx Majoctn, a Tem Oojee mpu 6aM30CTH K
HYJIFO cucTeMa OyIeT TI0X0 00yCjIoB/IeHa U JaBaThk OUeHb Ipyboe mpubimkeHue.

Cmayuonaprsie umepayuortoe memods.. Memod Kpaswuxa

WTeparmonnblil mporiece
x* D ()

Ha3BIBAETCA CTAIMOHAPHBIM, eciiu omeparop 1’ He 3aBUCHT OT HOoMepa imara k. [oBopdar
TaKyKe, 9TO OH OJHOIITATOBBIH B CJIytvae, KOTJA KaXK/IbIN UJI€H WTEePAIMOHHOHN TTOCHIe/I0Ba-
reapHOCTH { () } B3aBUCHT TOJIBKO OT OJHOTO MPEJIIECTBYIOIIETO eMy WICHA.

Wreparmmonusiit mpoiecc

2kt C(x(k)) +d, k=0,1, ...
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4+

-5 -4 -3 -2 -1 0 1 2 3 4 5

Puc. 17: UnrepBanbasiit MeTon ['aycca-3eiigesns

cxopmrest, kKorza p(|C|) < 1, To ecth cnekTpaabubIi paguyc Marpuibl |C|, cocrapienoit
u3 Mogysteit ameMerToB C, MEHBIIE eTUHUTIH.

B merome Kpapunka BHIOMpPAOT MHTEPBAILHBIN BEKTOP HAYAIBLHOTO TPUOINIKEHUS
x(0) tax, arober £(0) D Z,,;(A, b) u 3aTeM uTEPUPYIOT:

o) (Ab +(I- AA)xU“)) na®, k=01, ... (12)

¢ HeKoTopol pukcupoBanHoit maTpurieit A € R™, dakTuvyeckn, oHa SBAIETCS TPenobdy-
crasauBatomei marpuneit ars ucxoauoit MCJIAY). B merone Kpasunka o6brano 6epy:

A = (mid A)7
a HaIAJIBHYIO BHEIIHIO OIEHKY MHOXKECTBA PEIIeHUl HAX0AaT KaKUM-JIH00 U3 CrocoboB
onerku. Hampumep, eciiu ) = || — AAl|so < 1 MOXKHO B31Th HaYaIbHBIM IIPUOJINKEHUEM
opyc
Ab
2 = ([-60,0],...[-0,0)", tme 0= ’1’“’ (13)
-1

BaxkHoe nocromHcTBO MeToa KpaBunKa HE3aBUCUMOCTD TIPOIECCa OT BETHINHBI TUa-
TOHAJBHBIX 3JIEMEHTOB. DTOT METO]I MCIOJIB3YeTCd TaK¥Ke W JJis PEIeHns] HeJIMHEHHBIX
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ypaBHeHuil u ux cucreM. VI3 BeIpasKeHUst /71T BeJUIUHBI HAYaIbHOr0 npubinzKenust (pop-
myna (13)) Bugao, uro uem Gimxe AA K exuHM4HON Marpune, Tem 6oJiee MUPOKUM
MO2KHO OpaTh HaJaJIbHBIN OpyC.

IIpumep 6.26 ( UnrepBanbHbiii Meto Kpasunka)
Pacemorpum Ty sxe MCJTAY, aro u B mpuMepe s merona Laycca-3aiimens.

o G DR (| R ()

Jig maHHOTO TIpUMeEpa

A 0.6687 0.0372 T AA — [—0.3561,0.3561] [—0.4087,0.4087]
~ \0.0372 0.6687 )"’ ~ \[-0.4087,0.4087] [-0.3561,0.3561] )’

Ap — ([70-7059,0.7059)
~ \[-0.7059,0.7059]

O6cyaum Beipazkenue, nasaemoe popmyoit (12). Iepsoe cnaraemoe Ab — koncranTa,
¥ CXOTEMOCTD 3aBHCHT oT Bhipazkenus (I — AA)z®) . Crexrpanbusiii paguayc omeparopa
p (I —AA|) <1, 103TOMY UTEPAIIMOHHBII TTPOIECC CXOATITUIACS.

[Tepsas nreparmus gaer cy:kenne bpyca x:

() _ (1-45295,4.5295]\ _ ()
v ([—4.5295,4.5295} cx

¥ B JAJIBHEHIIIEM TPOTECC CXOAUTCS, Kak u B MeToje aycca-3aitmess. |

Nuueiinas 3agada o gonyckax. CocpenoTodnmcs Teneph Ha HAXOXKJIEHUE JOITYCKOBOTO
muO)kecTBa. Hamo maiitu (mo-sozmoxkuocTu, 60sbiuii) 6pyc, KOTOPBIi COMEPKUTCA B
JIOTYCKOBOM MHOXKecTBe perenuii parroi UCJTAY. 3a 31oit 3agadeil 3aKpenuaioch Ha-
HMEHOBaHIe AunetiHol s3adawu o donyckar, OHa ABJISETC 3aaadell cTabUIn3alil BBIXO-
OB CHCTEMLI B 3aJaHHOM KOPHIOpE IPH HAJUYAN OrPAHNYEHHBIX HEKOHTPOJIUPYEMDLIX
BO3MYIIIeHU.

Crernudnaeckoii 0COOEHHOCTHIO 33,1891 O JOIMYCKAX SIBIASETCS BO3MOXKHOCTE A JI0-
HyCKOBOFO MHOXKECTBa pe]_HeHI/Iﬁ 0OKa3aThCd HychIM JdazKe [IJId «XOPOINUX» MHTEPBAJIbHBIX
JaHHBIX, KaK, HAIlpUMep, 9TO HUMeeT MECTO Y CJIEAYIOLIEro OJHOMEPHOrO YpaBHEHNS

IIpumep 6.27 ( OxuomepHoe JnHEHHOE ypaBHEHHE C IIyCTHIM JOILyCKOBBIM

MHO>KECTBOM )
PaccMOTpUM OJIHOMEPHOE ypABHEHUE

3
[1,2] -z = [3,4] «Pemenne» = [2, 2]

JloryCcKOBOE MHOYKECTBO TTYCTO. ]
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B 110106HBIX Cilydasix rOBOPST, UTO JIMHEHHAS 3a/1a49a O JOMYCKAX HEPA3PeUuMa U
HECOBMECTTIHA.

IIpumep 6.28 ( UCJIAY 2x2 ¢ myCcTbIM JONYCKOBBIM MHOXKECTBOM )
Paccmorpum aBymeproe ypasuenue. 1o cymecTsy, 310 nmpumep 6.27 1jig AByX HE3aBUCH-
MBIX [TEPEMEHHBIX, 3AIMMCAHHBIN B MAaTpUIHON (hopme

}>

[1,2] 0 _(13,4] 2,3
< 0 1,2 T = 13,4] «Pemenne» [2’%
JlomyCcKOBOE MHOYKECTBO OUATH-TAKH ITYCTO.

Boobine, st mHTEPBAJIBHON MATPHITHL JOYCKOBOE MHOYKECTBO PEIIEHUH — ITO MHO-
JKECTBO PeIeHnii KOHEUHO CHCTEeMBI JIBYCTOPOHHUX JTUHEHHBIX HepaBeHcTs. OTcrona ciie-
ayer, 910 Sy (A, b) — BBIOYKI0€ MHOTOTDAHHOE MHOYKECTBO.

Teopemsr N.ITTapoit u Pona [1] konkperusupytor B pasubix dgopmax Buj Sy (A, )
KaK IepeceveHre TUIEePIIOIoC — JUHEHHBIX 00bEKTOB C «IIapaJIeIbHBIMUY 0Opa3yoIiy-
MU (JIBYMEPHBIE [10JIOCHI, IIJIOCKOCTH U TIL).

B rabsune npuBejieH CIUCOK BapPUAHTOB OIPAHMYEHHOCTU W HEOTPAHUYEHHOCTU JI0-
MYCKOBOTO MHOYKECTBA PENIeHUH B 3aBUCAMOCTH OT CBOHCTB MaTpurisl NCJIAY:

WHTepBaJibHAsT MaTpuia A JlomyCcKOBOE MHOXKECTBO PEIEeHMIH
BCE DJIEMEHTBHI CYIIECTBEHHO WHTEP- OTPAHUTIEHHO

BaJIbHBI

KaXKIbIi cToIGeIl mMeeT CyIIeCTBEHHO OTPAHIIEHHO

I/IHTepBaﬂbeIﬁ IJIEMEHT

€CTh HYJIEBBIE CTOJIOIBI HEOTPAHWIEHHO

€CTh TIPOIOPIUOHAJBHBIE TOYEIHBIE HEOrpaHUIEeHHO

CTOJIOITHI

qucJjIo HEMHTEPBAJIBHBIX CTO.H6]_[OB HEOT'PDaHUYICHHO

6oJIbIIe ODOIIEr0 YUCTA CTPOK

I'pyboe uccaedosarue paspewsumocimu.
[Tpocroii sBpucTrUecKuit crrocod MPOBEPKH PA3PEITUMOCTH JIMTHEHHOM 331a91 O JOMYCKaX:
B KagecTBe HamboJiee BEPOSITHOIO MPEICTABATENA IOIIYCKOBOIO MHOYKECTBA PEITeHni Oe-
pérca perenre T «CpPeHeH» TOYEITHON CUCTEMBbI:

mid(A)z = nid(b), (14)

KOTOPOE 3aTeM TecTupyercs Ha BrjwdeHue A - T C b.

OnmcaHnnbplil TECT CpeaHell CHCTEMBI, KaK [TOKA3LIBAeT MPAKTUKA, paboTaeT JINIIbL KO-
rIa MaTpuia A «IOCTATOYHO y3Ka» B CPABHEHHN ¢ BEKTOPOM IPAaBoi YacTu b m He
CHOCO6€H nccjaeJ0BaTh TOHKUX IMOTPAHUYHBIX CHTyaL[HfI.
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IIpumep 6.29 ( Henpuroguocrs «cpegnux» pemenunii MCJIAY kak gomycko-
BBIX MHOXkecTB — 1D)
Konrpnpumvep quts (14) B omaomeproM caydae [1]:

A=[-1,2], b=[-2,6], Z;(Ab)=[-1,2]
05-2=2 nmaer T=4¢ Z;,(A,Db)

IIpuawra «TIpoMaxay — HECOOTBETCTBHE YCTPONCTBa WMHTEPBAJIOB MATPHIIHI U ITPABOit
vacTu. BekTop mpaBoit yacTu 6osiee aCUMMETPUYEH OTHOCUTEJBHO HYJISA, YEM DJIEMEHT
MAaTPHIBI, IIOITOMY €TI0 CEpeIUuHa HAXOAUTCH BBIIIC YeM IIPOCKINA IPOU3BEeNEHAd MaTPU-
bl Ha IIepeMeHHYIO. |

IIpumep 6.30 ( Henpuroguocts «cpeanux» pemenunii MCJIAY kak gomycko-
BbIX MHOXeCTB. /[OMycKOBO€ MHOY»KECTBO — TOYKA.)
Konrpnpmmep [1] maa (14) B ICJIAY:

4= (w"s) o= ()
8 @)T_

3aech Zyo1(A, b) cocront uz Toukn (1,2)7) a pemenne «cpesmeit» cuctemb (9: %9
[Tpm stom dopmansro marputa UCJTAY mudem e m10Xa: MOTOKATETHHAS H HEOCO-
Oennad. ]

Ha pucynke 18 npusegensr MuoxkecTBa pernennii myist UCJTAY u3 npumepa 6.30. O0b-
eIUHEHHOEe MHOXKECTBO PEIIeHNI TaHO 3aJUBKOHN, CTPENKN YKA3bIBAIOT Ha <«CpeaHees U
JTOTIYCKOBBIE PEIeHMSI.

35
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Puc. 18: Kourprnpumep st onterkn no dpopmyste (14) 8 ICJIAY npumepa 6.30

B uem mpuumnna TOr0, 9TO AOMYCKOBOE MHOXKecTBO pertennii MCJTAY coctout n3 Beero
oamoit Touku? TIpocieanm, Kak jocTuraercs «ronaganue» Bekropa perrenns (1,2)7) B

42



JOIIyCK IIPaBO# 4acCTHu.

3x1+1x2= 5
2x1+3x2= 7

TaxkuMm 06pa3oM, pellieHne JIOCTUTAETCS TOJBKO Ha «KpPallHUX» 3HAYEHUSX HeJINaro-
HATBHBIX 3meMerToB MaTpunbl CJIAY n ToMbKO HA HUX HEIyCTO.

IIpmBenem mpuMep, KoTJa JOIMYCKOBOE MHOXKECTBO HEBBIPOKIIEHO, HO «CPEIHEE» pe-
IITeHNEe B HErO He IO IAET.

IIpumep 6.31 ( «Cpenuees pemntenne UCJIAY He nmonagaer B JOILyCKOBOE MHO-
»KECTBO.)

Pacemorpum UCJIAY:
B 1 [—0.9,0.1] (0.9, 2.2]
A= ([—0.1,0.1] 1 > , b= ([0.9, 2.2]

Marpura UCJIAY B namHOM TpuUMepe MOJIyUYeHa U3 eIUHUIHON JTOOABIEHNEM HECUM-
METPUYHBIX OTHOCUTE/JILHO HYJISI HEJTMAlOHAbBHBIX YJICHOB, UMUTUDYA <<KpI/IBOI7D> ITOBOPOT
Ha TwiockocTu. IIpaBasg wacTh moaydeHa HECUMMETPHUYHBIM PaCTIKeHWEM eTWHUIHOTO
BEKTOPA.

Ha pucynke 19 npupenensl MHOX)ecTBa pemiennii. OObeHEHHOE MHOXKECTBO PeITIe-

HU J1aHO 3AJIMBKOI, CpejHee peleHre 0603HAYEHO KBa/PATOM, JOIYCKOBOE MHOYKECTBO
— TPEYTOJbHUK.

15

Puc. 19: Kourpnpumep ays onenku o gopmyne (14) 8 MCJTAY npumvepa 6.31.

Crenenn VAAJEHHOCTH «CPEOHEro» pelreHnd 0T JOIIYCKOBOI'O MHOXKECTBa 3aBHCHUT OT
HEPpaBEHCTBa MHTEPBAJIOB HEAMATOHAJIBHBIX 9JIEMEHTOB. |
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Pacnosnatowumii pyskumonan — Teopusi. [lomHoe mcesenoBanme paszpenimMoCTy MOYKHO
IPOUBBECTH, UCIIOIb3ys pacrno3Hammuii pyukmmonan. Ero Boipaxkenune nmeer Bu;

Tol (z) = Tol (z, A,b) = min (15)

1<i<m

NpUHAIEKHOCTE T € (A, b) pasrocmabaa Tol (x; A,b) > 0, . e. momyckoBoe
MHOXKECTBO PellleHnii HHTepBaIbHON JuHeHOH cucTeMbl Ax = b ecTh MHOMKECTBO YPOBHSI

Zi(A,b) ={z € R" | Tol(x;A,b) >0} (16)

dyuxmmonaa Tol .
O6cymum dakT, Bepazkaemsbrii hopmyoii (16).

x € Zp(Ab) <= A-2zCb

> aijzi C bj = [mid (b;) — rad (b;), mid (b)) + rad (b;)]
=1

mid (b;) — Zaijl'i C [~rad (b;),rad (b;)]
i=1

S rad (b])

‘mid (b]) — Z Q54
i=1

rad (bj) — |Il’11d (b]) — Z Q55
=1

>0

[Mocnennsisi CTPOKa BRIPAXKAET MOKOMIIOHEHTHYHO «BMECTUMOCTBY JieBoil dactu VCJTAY
B IpaBoit uacty (abCOMIOTHYIO BETMUUHBI HEBA3KY ). ECm Takoe yC/I0BUE BBITIOJHEHO J17Tst
BCEX KOMIIOHEHT BeKTopa b, cucreMa paspenmMma.

Pacniozratornuit pyHKIMOHAJ WMeeT eJNHCTBEHHBIH MAKCUMyM [pPHU 3HAUYEHUU apry-
MeHTa, Hambomee 6m3koMy K «permenntoy UCJIAY.

IIpumep 6.32 ( Pacunosnaiomuii dynkuuonan 3 ypasHenusi — rpaduk)
Paccmorpum UCJIAY [1]:

] [717 2] T [07 60]
L3 |- = | [10,72] (17)
1 <y> [—10, 36]

Beraucsaum o dpopwmyite (15):

Tol (z,y) =min {30—|[2,3] -2 —[-1,2] -y |,
31— [1,2]-2—[1,3-y,
23—‘ [—171]‘x_[071]'y ‘7}
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Buavenns byHKIHOHATA

Puc. 20: I'pacuk pacnosuaroriero gpyuaxnuonasia i NCJTAY 2x3

Ha rpadmuxke (pucynok 20) X0OpoIo BuHA MHOTOTPAHHOCTE (byHKInoHa a. Hansbic-
mas 1o ocu 0z Touxa rpacdura Tol mveer xKoopammatsl (z,y,2) = (6,8,4)7, Tax uro
MaKCUMyM PaCHo3Haionero MyHKInoHAIa PaBeH 4. |

IIpumep 6.33 ( Pacnio3unaromuii pyHkimonasn 2 ypaBHeHusi — rpaduk)
Paccmorpum VCJIAY [1]

[1
[—

Boruucinm o dhopmyae 15, 3mech cepenunabl mpaBbix 9acreit by = 0 :

2[5l (= _ (-
3l L2

win

1
2

! _%’%]‘5’3"‘[172]'1/’7}:
- 1—max{“1’2].1;_|_[_%, }M?H_%a%

31ech MOIYTH BBIpAsKEHUH IO 3HAKAMH SKCTPEMYMOB BCETTa HEOTPUTATETbHBI. Kpo-
M€ TOrO, OHH JOCTUTAIOT CBOUX HAMMCHBIITUX 3HaquI/Iﬁ, PaBHBIX HyJHO, OJHOBPEMEHHO,
korma © = y = 0. IIpu Bcex OCTAMBHBIX T U Y BBIPAXKEHUS 0T 3HAKAMHU MOIY/IeH HeHy-

JIEBBIE, TAK YTO 3HAUEHUE PACIIO3HAMONEro (OYyHKIIMOHAIA B 9TUX TOYKAX Oy/1€T MEHBIITUM
ero 3Hadenud B myse. Takum obpaszom

max Tol (z) =1
z€R

u gocruraercs upu (x,y) = (0,0). [ |

Pacnosnatownii dpyHKLnoHan — nporpammHasi peannsauusi. PaspermmMocTs uccaeayeM ¢
nomoreio dyukipn tolsolvty [10], mocrymnHoii ¢ caitra [11].
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Puc. 21: I'pacduk pacnosuaroriero gpyuxnuonasa ais NCJTAY 2x2

CunTakcuc mporpaMmMbl tolsolvty B cokparmentoi dopme:
[tolmax, argmax, envs...| = tolsolvty(supA, infA, supb, infb,...). (19)

Obs13aTebHBIE BXOIHBIE aPTYMEHTHI (DY HKITHH:
infA, supA, infb, supb — COOTBETCTBEHHO HMKHWE W BEPXHHME I'DAHUIIBI MATPHUIIBI U
npasoit wactu UCJIAY:

infA = inf(A), supA = sup(A) (20)
infb = inf(b), supb = sup(b).

Oynkrus tolsolvty (dopmyna (19)) Bo3BpammaeT BeIWIHHY pa3pemaoniero ¢byHKIH-
onasa tolmax. ITosoxkuTenbHOCTE 9TOT0 (BYHKIMOHAIA COOTBETCTBYET DA3PEIIUMOCTH
UCJIAY, argmax — naunbojiee «BEpHOE» peIIeHUe, JaxKe IIPH OTCYTCTBAM PA3PEIINMO-
CTH, & TAKXKE envs — 3HadeHusi 0OPA3YIONMX PACIOZHAKIIET0 (DYyHKIIMOHAIA B TOUKE €r0
MaKCUMyMa.

IIpumep 6.34 ( IIporpamMmmMHOe BbIYUCIIEHUE pacho3HaMOMEro (PyHKIMOHAIA —
1)

Pacemorpum MCJTAY 18 us mpumepa 6.32. Chopmupyem BXOMHBIE TTAPAMETPHI JIist PYHK-
uu tolsolvty(supd, infA, supb, infb):

2 -1 3 3 0 60
supA=| 1 1], infA=1{2 3], supb=| 10 |, infb= |72
-1 11 -10 36
PezysbraToM BBITTOTHEHNST TTPOTPAMMBL
[tolmax,argmax] = tolsolvty(supA, infA, supb, infb) Oyaer BHIUUCIEHUE:

tolmax = 4; argmax = (6,8)
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I'paduk pacroznatomiero GyHKIMOHAIA [IPEJCTaBIeH Ha pucyHke 20. |

IIpumep 6.35 ( IIporpaMmMHOe BbIYUCIIEHNE pAacMO3HAONIEro (PYHKITUOHAIA —
2)

Paccmorpun UCJTAY (17) w3z npumepa 6.33. Chopmupyem BXogHBIE NApaMeTphbl s
dyukiuu tolsolvty(supA, infA, supb, infb):

1 -2 2 1 -1 1
supA = < 9 3), infA = <1 2), supb = < >, infb = ( )
-2 13 -1 1

Pesynbrar BeinosiHeHus mporpaMmbl tolsolvty (19):

tolmax = 1; argmax = (0,0)

I'padbuk pacnozmarotiero GpyHKINOHA/IA IPEJCTABIEH Ha pUCyHKe 21. |

Koppekuus WCITAY: n3menenne npaeoii 4actn. HepaspermmumocTs gumefiHoft 3a7a9m 0
JIOTIYCKAX MOYXKeT MMeTh pasHbie TpuduHbl. C 0HOM CTOPOHBI, 9TO MOXKET OBITH CBA3AHO
CO CJIUIIKOM BBICOKMMHU TpeOOBaHUAME (OrDAaHHYCHUSIME) HA JOMYCKH B MPaBOil dacTu
WJIA HEJIOCTOBEPHOCTH CaMUX JaHHbBIX. Bemomuaum mpumep 6.27: Ax € b — npasas 4acth
«yZKe» JICBOM.

Hamubomee mpocToit crmocob mocTuzkeHns: paspermumoct  [1| — ociabienne orpanu-
yenust (pacmmpenue gomycka ) B npasoit wactu WCJTAY. Dra oneparus ysesnaupaer
suaderne Tol (x) (cMmorpm BhIpakenme (15)) u MO3BOJISET JOCTHYB PA3PEIIUMOCTH 3a
cuer ociabjeHus TpeOOBAHUN K TOYHOCTH PEITeHNS.

ObocHoBanne 3Toro dakra ciaenyiomee. Beanunns! rad b; BXomgaT caaraeMbIMEA BO BCE
BBIPAXKEHUA /T BBITUCACHUT OKOHYATEIBHOTO 3HAaUYeHus (PyHKIMOHAA. Fcam 0bo3Ha-
UUTH BEKTOP «PACIINPEHUI»

e=([-1,1],....,[-1,1)) ",

to myst cucrembl Ax = b+ Ce ¢ ymumpennoit npasoit yacreto rad b; +C, i =1,2,...,m
BHAYEHWE PACTO3HAIONIETO (DYHKIINOHAIA PABHO:

max Tol (x, A,b+ Ce) = max Tol (z, A,b) + C.

IIpumep 6.36 ( Jocruxkenme pazpemmmoctu UCJIAY 3a cuer pacumpenust

npaBoit yacTu)
Pacemorpum MCJIAY [1]:
2,4] [-2,1] ye 1,2]
([—1,2] [2,4] ) ([1,2]) '
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Pesysibrar BeIOTHEHUS TpOrpaMMbl tolsolvty (19):

tolmax = -0.72727; argmax = [0.54545, 0.40909]

JlommycKkoBOE MHOKECTO IIyCTO U «AePUITUT PA3PEMINMOCTHY COCTaB/geT mpuMepo -0.73.
CornacHo METOANKE AOCTUXKEHUS PA3PEIUMOCTH, A0baB/IeHne K mpapoi actu 1.73 -

[—1,1] mpuBeseT K Pa3penmMOCTH CHCTEMbI C «3aMacoM Pa3pernMMOCTH» TPUMEPHO 1.

Taxoe n30bITOUHOE PACIITUPEHIE AT HEITYCTOE MHOYXKECTBO, KOTOPOE MOYKHO MPEJICTABUTD

rpadudecku.
[274] [_27 1] _ [1)2] [_17 1]
(0 )= () +2s (Do
Pesysibrarom BbiONHEHUS nporpamMMbl tolsolvty (19) na sToT pas Gyaer:

tolmax = 1.0727; argmax = (0.54545, 0.40909)

Puc. 22: Muoxecrsa perennst VICJTAY: o6beannentoe ncxonHoe (rpaHuiia mMTpuxom),
PACIIIMPEHHOE U IOIIYCKOBOE

Ha pucynre 22 mpeacrasiens 3 MuokecTBa pernennsd UCJIAY: obbeauHenHoe Nexo1-
HO€ TI0JIyIIPO3PAYHOE C IITPUXOBOI IPAHUIIEH, PACIITHPEHHOE [I0JIYIIPO3PAYHOE C IITPUXO-
BOit TpaHuIleil u J0nyckoBoe Hojiee TEMHOE. |

B mpumepe 6.36 memycTroTa MHOXKECTBA pellieHUs ObLIa JTOCTUTHYTA 3a CUET CyIIe-

CTBEHHOT'O PaCIIUPEHUA ,ZLOHyCKOBZ
,_ (708,38
[—0.8,3.8]

DTO He Bcerja mpueMIeMo o IOCTaHOBKe 3aaun. Hampumep, eciu perenue mpemnosiara-
€TCs MOJIOKUTEIBHBIM, & HUKHAA TPAHUIA JTOMYCKa CTajla OTPULNATEIBHON, 3TO O3HAYAET,
YTO pEIeHne He UMEeT CMBICTA.

Ecnu mupussl pa3imaHbix KOMIIOHEHT BEKTOPBI MPABOM YaCTU PAa3/IUYHbI, TO DoJiee
3¢ deKTUBHO U PACHIUPATH UX [T0-pa3HOMY. TeXHUYECKH METO/ PEATUIYETCS CJIEIY FOIITIUM
obpazom. K npaBoit wactu q00aBIsIOTCH BEIUYUHUHBI, «PACITUPEHHBIE» BO BCE CTOPOHBI,
[IPOIPOINOHAJIbHBIE HEKOTOPBIM BECaM Vj;, KOTOPbIE PA3JIUYHBI JIJIsi PA3HBIX KOMIIOHEHT:
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b+ K -v;- [-1,1] (21)

b; — mcxonmble 3HavMeHns KOMIIOHEHT IpasbiXx dacreit UCJIAY, v; — uHauBuaya bHbIE
BeCa I PA3HBIX KOMIIOHEHT, K - obmuii MHOXKUTEN b, [—1, 1] — cuMMeTpuyHbIil OTHOCH-
TeJIGHO HYJIST WHTEPBAJI.

IIpumep 6.37 ( Hdocturkenume paszpemumoctu UCJIAY 3a cuer pacimmpenus
[PABOI1 YaCTU HPU HEPABHBIX HMIMPUHAX KOMIIOHEHT IIPABOI 4acTH)
Paccmorpum npumep (3], cxopnbiit ¢ 6.36, HO ¢ APYrUM BEKTOPOM LPABOil YacTu:

< 2,4 [-2, 1]) L < 1.2] )

[—1,2] [2,4] [1,1.5])°

Pamnyc Bropoit kommoneHTs! b B 2 pa3a MeHbIIE IEePBOii.

Pesysbrar binosiHeHust nporpammbl tolsolvty (19):

tolmax = -0.77273; argmax = (0.45454, 0.34091)

JloTyCKOBOE MHOXKECTO IIyCTO U «AePUIUT PA3PEMTUMOCTHY COCTaB/sieT npumepuo -0.73.

HobaBuM K mpaBoit 9acTl BeKTOp «pacmupenuss Ab: ¢ paaunycoM BTOPOit KOMIIOHEH-
THI B 2 pa3a MeHbITe TTepBoii:

(18  ([-0.8,3.8]
rad (Ab) = (0.9) b= ( [0.1,2.4] > '
Hosag UCJIAY umeer Bui:
(2,4] [-2,1] y [—0.8, 3.8]
~1,2]  [2.4] ~[0.1,2.4]
Pesynbrar BeIOTHEHUST TporpaMMbl tolsolvty (19):
tolmax — 0.45454; argmax — (0.20909, 0.38182)

Puc. 23: Muoxectra pemennss UCJTAY: o6beaunennoe ucxognoe (TpaHuna MmTprxoM ),
PACIIINPEHHOE U JIOIIYCKOBOE
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Ha pucynre 23 mpeacrasiens! 3 MuoxkecTBa pernenns UCJIAY: obbeuHenHoe NCX0I-
HO€ I10JIyIIPO3PAvHOE C HITPUXOBOI I'paHuIlell, PACIIMPEHHOE [10JIYIIPO3PAYHOE C HITPUXO-
BO# TpaHuIieil u J0IycKOBOe Dojiee TEMHOE. ]

Huxusaa rpanutia qomycka o MepBoi KOMIIOHEHTE B IEPBOM YPaBHEHUH TIO-TIPEXKHEMY
OTPHUIATENBHA, & MO-BTOPOH CTaIach MOJOKUTEIbHA. DTOT PAKT 03HAUAET, YTO n3bupa-
TesibHAd paboTa ¢ pa3HbBIMU YPaBHEHUsIMU JlaeT DoJiee KaueCTBEHHOE PelleHue.

Koppekuus NCJTAY: unzmenenne matpuubl. Ecou UCJIAY mecomecta, To mHambosee
HPUHLIMIUAJBHBIM 110/IX010M K JIOCTUXKEHUIO Pa3PEHIMMOCTU ABJISETCH KOPPEKIUs 11pa-
Boit wactr. CymIecTBYIOT pas3judHble TIOAXOABI K 3Toi mpobieme. Paccmorpum mpumep
6.27. IlpuumHOil HECOBMECTHOCTHM SBISETCS CJHUIIKOM CHUJIBHOE <«PaCIIUpSIoNiees eit-
creue marpunsl A = [1,2], B 2 pasa, Ha BekTop z. IIpm 3TOoM muprHa TpPaBoil YacTu
Menble, b= (3,4).

IIpumep 6.38 ( Hocrmkenue paspemumoctu VICJIAY 3a cyer yMmeHbIIeHUs
pPa/InyCcOB KOMIIOHEHT MATPUIIHI)

Obparumcst kK npumepy 6.37 [3] U BBISICHNM, HACKOJIBKO HYZKHO YMEHBIIHUTH DPaJIHYChHI
9JIEMEHTOB MATPHUIlLI, 9T00BI Obita paspemmma CJTAY

-r=
CuMBOTHYECKN YMEHBIIEHNE PATUYCOB TIPU COXPAHEHUHN «CPEIHENH» MaTPUIIBI MOKHO BBI-
pasuTh TaKUM 00PaA3OM:

A A

e rad (A) < rad (A), amid (A)’ = mid (A) . Konkperno, npu yMeHbIeHun pajiuycon
s7eMenToB MaTpulibl A B 8 pa3, monydaem pazpermmmyto UCJTAY:

( [[2.88,3.12] [—0.69, —0.31]> e ( [1,2] >

0.31,0.69] [2.88,3.12] [1,1.5]
tolmax = 0.08
Ha pucynke 24 npeacrasiens 2 muokecTBa pemtenns LCJIAY: obbemuHennoe TOTy-
IPO3paYHOE 1 JIOIYCKOBOE DoJiee TEMHOE. |

NutepeanbHas perynspusaumsi. Paccmorpuwm perrenme mmoxo obycnosmerubix CJIAY, ¢
HETOYHO U3BECTHBIMU MATPUIleH U TpaBoil 4acTbio. YTobbl yIydIuTh yCTONIUBOCTE TIPO-
IIecca PEITeHns, «MOTPYKAeMy UCXOTHYI0 HeTouHyio juHelnyio cuctemy B MCJTAY Ttoit
JKe CTPYKTYPBI, & 3aTEM PACCMATPHUBAEM ee JTOTMYCKOBOe MHOYKECTBO pelrenuii. B pe3yinb-
TaTe «MHTEPBAJIM30BAHHANY MaTPHUILA CUCTEMbI CTAHOBUTCS JIy4llle O0YCJIOBJIEHHOM, JJist
KOTOPBIX peIlleHre COOTBETCTBYIOIIEN CUCTEMbI ypaBHEHUH OoJiee yCTONIUBO.

B kauecTBe mceBmopernieHust UCXOMHON CUCTEMBI JUHEHHBIX ypaBHEHHUi OepeM TOdU-
Ky U3 JOILyCKOBOI'O MHOXKECTBa PEIICHUN MHTePBAJIU3IUPOBAHHON JIMHEAHON CUCTEMbI UJIU
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Puc. 24: Muoxectra pemennst UCJTAY cBetioe 06beuHEHHOE U TEMHOE JOTTYCKOBOE

TOYKH, KOTOPas 00eCnedInBaeT HAMOOJIBIIYIO JOMYyCTUMYIO COBMECTUMOCTD (COTJIACOBAH-
HOCTB ).

U3 reopun marpur. Ilycte A — marpuna u ee quciao obyciaoierroctn cond(A) =
| A]l - |A7Y]| , oupenenennas yepes nopuunentyto wHopmy || - ||, yuoBaersopsier yciosuio
cond(A) > 1. Torga B okpecTHOCTH HadiayTcs MaTpumbl A’ Mmeronme Tyanmyio 06ycIoB-
nertocTh: cond(A’) < cond. D10 caemyer u3 dakTa, 9TO UUCIO OOYCIOBIEHHOCTH JIJIsi
HOYMHEHHON HOPMBI MMeeT TOJILKO TobasbHblil Muanmym cond(A) = 1 u He mmeer
JIOKQJIbHBIX MUHUMYMOB.

Bozuukaer caenyroras npes: 3aMenuTsb perenne ucxoauoit CJIAY A-x = b permenu-
em CJIAY A’-x = b ¢ 6ym3Koii, Ho yume obycaosnennoit marpuneit A’. Ilpn 6aaronpusr-
HBIX YCJIOBUAX, PEIIEHNe HOBO CHCTeMBbI OyaeT OIM3KO K JKeIaeMOMY PEITeHUI0 NCXOTHOM
CHCTEMBI. DTa HJiest He HOBA W BOCXOJUT K METOJy pery/spusaiun JlaBperrbesa [13], uc-
OJIB3YEMOMY, HAIPUMED /s PEIeHus MHTErPAJbHBIX ypaBHeHuil mepsoro poza. llpwm
MaJIOM BO3MYIIIEHUU ONEpaTOPa YpaBHEHWUs, MaJjible COOCTBEHHBIE YMCJIA, OTOJBUIAIOTCS
OT HyJIsI, W ONEPATOP YIAATAETCH OT CHHTYJISIPHOCTH.

Meron peryasipuzanun JlaBpenThea Takxke mpumenuMm k CJIAY. B gactaom mpo-
crefitreM caydae, KOTJA MaTpHUIa A CHMMETPUYHA W TMOJOXKUTENbLHA TOJIYOIpeIeTeHa
(meoTpunarensho onpenenena), pemaercs CJIAY:

(A+6-1)-z=b (22)

B obriem cyaae, Kora Mbl HUUEro He 3HAEM O CBOMCTBAaX MaTpuilbl A, BEIOOD TTapamMeTpa
0 , T.e. HaIpaBJICHUE CABHUIa W €r0 BEJIUUNHA HE OUEBHIHLI.

Peanuzarnus mameit ugen B caydae, Korga wapopmaimst 06 HETOCTYITHA, MOXKET CO-
CTOATL B TOM, YTOOBI OIHOBPEMEHHO BBIIOJHATD CABUT «II0 BCEM HAIIPABJICHUAM». 1orma,
MEXKTy CIBUTAME €CTh OIPEJIeJIeHHO TOIX0AAIIee HallpaBIeHne, U OHO 0OECIeYnT YKela-
TEJIBLHYIO PEryAapU3aIldio U YIydIIeHne MaTPUIIE.

B umHTEpBAMBHBIX TEPMUHAX MBI «Pa3yBacM» MATPUILY , IPEeBpallas ee B UHTEP-
BaJbHYI0 Marpuny A. YToObl HOKPBEITHL BCe BO3MOXKHDBIE HAIIPABJIEHHAS COBUIA MaTPUIILI
A

A=A+0-FE (23)
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snecy B — Marpuna Toro ke pazmepa 9To u A, cocrasienHas u3 uHrepsajos [—1,1] u
f— mapamerp BeJIMUMHBI «Pa3,lyBAHUS>.

IIpumep 6.39 ( UnrepBanbHas perynspusanus UCJIAY 2x2)

Pacecmorpum [?] Touednyro MaTpuiry
99 100
A=
< 98 99 )
To ornomenuto K crekrpaabaoit nHopme cond(A) = v/ Amaz (AT A) | aucio obycaosienno-
crr paBHO 3.9-10%, 1 MOJKHO IOKA3ATH, UTO STO MAKCHMYM LT PETYIAPHbIX 2X2-MaTPHII

C LEeJIBIMU HOJIOKUTeAbHBIMEI ducaaMu < 100.
«MurepBanuzyem» marpuiy mobaBIeHHEM K KaxKIOMY SJIEMEHTY.

([98,100] 99, 101]
A—<[97,99] [98,100})

Hosag WHTEPBAJbHAA MATPHUIlA COAPEKUT MHOXKECTBO TOYECYHbLIX CUHTYJIAPDHBIX MATPUIL,

98 99
A= (98 99)

Yucao 06yCIOBAEHHOCTH « YTJIOBBIX » MATPHUI] PABHO

HallpuMep:

38000 197 201 13100

197 13100 195
cond(A) =" 197 39200 199

39200 199 199 40000

Mer MOXKeM BUIETh, UTO cpean 16 MaTpuil KOHETHBIX TOUEK OHA MATPUIA TMeeT eIlle
Bosbiiee uuco obycaopienoctu, dem ucxoaunoe, 40000. JIse MaTpHUITBI UMEOT TPUMED-
HO TaKOe K€ 3Ha4YeHue, a OJHa MaTpPHUIa HeCKOALKO Menbinee. Oanako 10 marpun u3 16
UMET 3HAYUTE/bHO MEHbIIHe 9uCJa 00YCI0BIECHOCTH. 3HAUYEHUS] YUCes 00yC/I0BIEHHO-
cTH 7711 HanboJiee «BBIAAIONINECTy TTPEICTABATENN 3aKJIIOUEHRBI B TaOINIE B PAMKH.

Moxmo moKa3aTh, 9To ycaoBue 98.76, TOCTUTHYTOe B MATpHIle KOHETHLIX TOUeK Jeii-
CTBUTEJIbHO MUHHUMAJIBHO CpeJn BCEX TOYCUYHBIX MATPUIL U3 MHO2KCCTBAQ A .
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7 PeleHune nHTepBanbHbIX CUCTEM
HEIMHERHbIX anrebpanyecknx ypaBHEHNI.

OgHowmepHblii metog Hetotona Pacemorpum mpoctefimuit caygait oqHOTO ypaBHEHUS C
OJTHUM HEU3BECTHBIM.

IIpeamonoxkum, aro f: R D X — R — dyuxums, umeromad HyIb £* Ha pacCMaTpH-
BaemoMm muTepBane X u auddepenrupyemasn Ha HéM. Torma maa 060t Touku T € X u3
9TOTO K€ WHTepBaja B CUIy TeopeMbl Jlarpanka (GopMysibl KOHEIHBIX PUPAIIEHHIT)

T—f(@")=@—-2")- (&

riae & — mekoropaga Touka Mexay T u x*. Ho, tak xak f(z*) = 0, ro npu f'(£) # 0

CIemyeT:
@
f(€)
MHTEPBAJIN3Ys BLINNCAHHOE PABEHCTBO, IOIYINM BKIIOUEHNE
ea 1@
f(X)

ecm 0 ¢ f/(X).
Orobpazkenne N : IR x R — IR xeifcTsyiomiee 1o NpaBUy
f(T)
f'(X)
HA3BIBACTCS (OJHOMEDPHBIM) UHmMepasbtvim onepamopom Hotomona nis f.

Tak xax m060it Hyah dyrkimun f ra X gexur takxke B N (X, T) , To pasyMHO B34Th
B KavecTBe CJEAYIONEro 60jiee TOUYHONO WHTEPBAJIa JOKAJIU3AINY PEIIEHNs [Tepecedenne

N(X,Z):=7 —

XN N(X,7)

Hamee, momoxus X 0 =x , €CTECTBEHHO OPTAHU30BATH UTEPAIMOHHOE YTOUHEHUE:

Xk o x®) 0 N (X, T) (24)

KOTOPOE€ HA3bIBACTCA UHMEPBGADHBIM memodom Huvromona.

IIpumep 7.40 ( OgHomepHsbiit MmeTon, HeioToHa — KOopeHb mosmHOMa 2-ii CTe-
II€HN )

Pacemorpay [2] byuxnmo f(z) = 22 — 2 B unrepsare X (0 = [1,2].

fx)=2-x.

Britepem z(¥) = mid (X(k). CrpouM uTepannoHHbIH TPOTECC:

Xk o xB 0 V(X ,7)
(X 9)2

*) 7*)Y = mi (k)y -\ 2> T
N(XW zW) = mid (X)) 5 x®
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1-it mar oporecca:

X = 1,2
3 1 3 11 22 23
x)(0) =(0)y _ 2.4] == — =222
N(X)™,7™) 5~ /24=5-1%3%1= 116 16|
xM = 1,2 [22 23] [22723]
16’16 16" 16

V:ke HA II€PBOM IIare IIOJIYY€HO CHJIbHOE CY2KE€HHNE MHTEPBaJla PEIICHUA: CXOANMOCTD
MHTEPBAJIBHOTO METOdad Heiorona KBaJApaTU9HaA, KaK 1 B HCUMHTPEBAJIbHOM CJjly4ac.

MuoromepHeili Metog, HetoToHa.  [Ipu mepexojie K MHOTOMEPHOMH CJIyYai0 CKaJIsIPHBIE Be-
JINUUHBI IEPEXOIAT B BEKTOPHBIE, & ITPOU3BOjHble — B ZlKoOMaHbI. YC/I0BUE HEPABEHCTBA
HYJIFO IPOM3BO/IHON HA WHTEPBAJIe 3AMEHSIeTCS Ha HEBBIPOKIEHHOCTL fKobuana:

ofi

det(J(a:,x))i,jEdet< ) #0, zelX.

MHuoromepHbIil HTEpBaJIbHBIH onieparop HeroToHa MOXKHO GOpMAIBHO 3alIMCATH KAaK:
N(X,T):=%— (J(z,7)) "' F(T). (25)

IPY CYIECTBOBAHUHN OOPATHOTO TKOOMAHA.

Borunciienne o6paTHOl MAaTPHIILI MPOM3BOIHBIX TOABKO I YMHOXKEHHS Ha, HHTEpP-
BaJIbHYIO OICHKY SIBJISIETCS IOPOTOCTOSINEN Tporeaypoii. Bojee mpakTuvHbBIN TOIXOM
3aKJI0YAETCA B UCIIOJIB30BAHUN Kakoro-mnbo meroma ([aycca-3eiinens, Kpapanka) mms
BHEIIIHEr0 OLEHMBAHUS 9TOI0 1ipousseienus (1], ri.8.

IIpumep 7.41 ( Mmuoromepusbiii meron HeioToHa — mnepeceyeHue npsimoil u
OKPY>KHOCTH )

[IpuBeieM WITIOIOCTPATHBHBIM TpUMep [2], B KOTOPOM BO3MOXKHO aHAJUTHIECKOE BBIUUC-
nenme arobuana. PaccmoTpum orobpaskenne f : R? — R:

f1($)> (90% + a3 — 1)
xTr) = =
/(@) <f2(96) 1 — T2
B MHTEPBAJIE X0 = [%, 1] X [l 1}.
fxobuan cucTeMbl paBeH:
o 2- 1 2- T

J(z) = ( 1 _1 ) .
Axobuan ne ocobenublit pu 1 + ro # 0 u

-1 1 1/2 2- €T

xr1 + 9 —2-x1

o4



Bpyc X ©) ge COIEPKAT IPSIMOit
1+ x9 = 0, (26)

Ha KOTOPOil skobuan cunrysasapes. bepem nnrepsaabHOe pacmmperne 00PaTHON MATPHUIIHI
Axobu: /
1 1/2 2. X9
V(X)= —— .
( ) X1+X2< 1/2 —2'X1>

TIpu srom (J(X))™' C V(X). BuGepem %) = mid (X(k). CrpouMm nTepannoOHHbIH
IPOIIECC:

Xk o xB 0 V(X ,7)
N(X® Ry = mid (X®) — V(X)) F(X®)

X0 = [1,1} X [1,1}
2 2

CuexkTpaJibHbIN PAJUyC «CpeiHeity obparHoil Marpuisl Kkobu

1-it mar mporecca:

0 (J(X(O))_l —0.7<1, (27)

4TO obecrieunBaeT cxouMocThb npoiecca. [locnesoBaresnbabie npndianKenns B dpopmare
<cepe/iHA, IMIUPUHA > IIPUBEJIEHB] B TaOJIUIIE:

nrepamus | <cepeamnay X1, X2 | «mmupunay X1, X2
0 0.7500 0.2501
1 0.6667 0.0418
2 0.7063 0.0021
3 0.7071 0.0001

IIponece cxomures K 3nadenno 1/+v/2. CX0omIuMMOCTh HpoIecca B JAHHOM MeToje obece-
qupaercs ycsaosueMm (27). B cBoo ouepesb, 910 yCaoBue 00eCriednBaeTcs yajleHHOCThIO
nauaasroro 6pyca X (0 or obmactu cuHryasprocTE MaTpHIp V(X (0)) — mpsimoit (26).
[Tpu npubamxennn X ©) k oBacru CHHTYJIAPHOCTH, CIIEKTPAJIBHBIN PAaJIAyC «CpeiHeis
obparHoit MarTpuiibl fkobu Oy/ileT HEOrpaHWYEHHO PACTU, & UTEPAIMOHHBIN MPOIECC —
PACXOIUTHCH. |

Jlnst obecriedenns X018 UTEPATTMOHHOTO TIPOTIECCA C/IEIYET BMECTO ODpaIeHnsa aKk0bm-
aHa, BEIYUCJSITE €0 JefCTBIE Ha WHTEPBAJbHYIO ONeHKy F(T):
k —\\—1 —
Y& = (J(z,z)"" - F@).
st 91010 pemars ypaBHeHue (HAXOIUTh BHEITHIOK OIEHKY MHOXKECTBA PEIIeHni ) y (k)
merogom laycca-3eiinens nan Xancena-CenrynTsl (BapuanT Merona laycca-3eiigens ¢
IPEI00YCTaBINBAHIEM ):

JX®) . y®) = p(x®),

" JIJI UTEPAU UCIIOJIB30BATH 3HAUEHUE y (k).
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Metog Kpasunka. Ilycts na 6pyce X C IR zamana cucrema n HeJUHEHHBIX ypaBHEHUI
C 1 HEU3BECTHbIMN

F(z)=0

B kKotopoit F(z) = {F1(x1),..., Fu(x)}', o = (x1,...,3,). JIas neé tpebyercsa yTounuTh
JIBYCTOPOHHUE TPAHUIILI pelieHnii, inbo ybeauThcsi, 4To pernennit Her. BozbMéM Kakyio-
uubynb Touky T € X u Opranm3yeM OTHOCUTENBHO Heé pazjoxenwue ¢hyniuu F':

Fz)=F@)+ L (xr—7)

rne L C IR™"™ — wunreppanbhas marpuna Jlumnmmia orobpaskenus F ma 6pyce X.
Ecim x = a* | 7. e. Touroil perternst cucreMbl, 70 F(2*) = 0 U TOTOMY BBITOIHSIETCS
BKJIIOYE€HUE!:

0e F(z)+ L-(x—7)

B ormume ot unrepBanbuoro meroga Heiorona, 71o0MHOKUM 00€ IaCTH ITOr0 BKJIIOUEHUST
cJeBa Ha TOYEUHYIO 1 X N-MaTpuity —A:

0e—-AN-F@)—A-L-(z—7)
Jobasnenne K 06eMM 9acTsIM Oy IUBIIErOCs COOTHOIIEHNs] £ — T IPUBOJIUT K
*—zT€—-N-F(@) —A-L-(2"-7)+ (=¥ —7)
YTO PABHOCHIBLHO
z*exe—-N-F@) —A-L-(2"—7)+ (=¥ —7)

TaK KaK JIJIsT HEMHTEPBAIBHOTO OOIIEro MHOKHUTEA T — T MOYKHO BOCIIOTB30BATHLCA JIAC-
TpubyTuBHBIM cooTHOmeHneM. Hakonern, eciau perrenre T CucTeMbl yPaBHEHUN ITPEIIIO-
JlaraeTcst MPUHALIEKAINM O0pycy X, Mbl MOXKEM B34Th WHTEPBAJIBLHOE PACITUPEHUE IO
r € X TpaBoil YacTH MOJYIEHHOTO BKJIIOUEHU, TPUIA K COOTHOIIEHUIO

2*e€x—AN-F@) —I-A-L) (z*—7)
Orobpaskenne K : ID x R — IR", 3a7aBaeMoe BhIparKeHHEM
K(X,z)=2—-AN-F(z)—-(I—-A-L)- (X —-72) (28)

Ha3biBaeTcd oneparopoMm Kpasunka Ha [D 0THOCHTENBHO TOYKYM T . €CJIN CIHEKTPAJBHBII
paguyc mMarpunpsl [ — A - L menbine eaunuipy, to 1o reopeme [Ipénepa [1] y orobpa-
JKEHUs CYIIECTBYET €JMHCTBEHHAs HEIOJBUKHAS TOYKA, KOTODAas SBJSIETCS DelleHueM
paccmaTpuBaemoil cucrembl ypapuenuii. Takum obpazom, B 6pyce X comepxKuTCs POBHO
onHO perenne cucreMbl F'(z) = 0.

JasibHedinee yTOUHEHUE PEIIEHUs] MOXKHO OPIraHU30BATh COBEPIIEHHO TaK XKE, KaK U
1T mHTEpBaabHOrO Metoxa Hporona, moxoxns X (0 = X u 3aIycKas UTepamun

XD x0) g (x ™), 50,
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k=0,1,2,... 118 Kakoi-T0 mOCJIe10BaTeIbHOCTH ToUeK TF) € X (k). Dror WHTEPBAJTb-
HBIfl UTEPANMOHHBIN MPOIECC Ha3bIBaeTCs Mmemodom Kpasyuxa. Fro gactabiM ciiydaem
[BJISIETCSI MTEPAIMOHHLIN MeTo KpaBunKa /11 BHEITHErO OIeHUBAHUS MHOXKECTB pelle-

uuit MCJIAY.
IIpumep 7.42 ( Meron KpaBunka — nepecedenne napaboJsibl 1 OKPY2KHOCTH )
Pacemorpum [3] cucremy ypasaennit f : R — R
o= (10) - ("a 25 5°)

Bosbumem B Kagecrse mepporo npubmuzxenns X (0 = [0,1] x [0, 1].
fxobuan cucTeMbl paBeH:

2.X, 2-X
J(X) = (2.X1 _12>.

BoseMem A xak:

Crpoum st (28) ckobky:

[lepBrie 1m1arn BEIYUCIEHUI TPUBEIEHBI B TAO/IUIIE:

k| X3 X,
0 [0, 1] | [0, 1]
1100, 1] | [0.125,1]

Ha nepsom 1mare jocTurayro cyxKeHnue obJacTy 110 KoopjauHaTe To. JlanbHeiimas Jjio-
KaJIM3allusl pellenus BUIHA W3 pUcYHKa 25. LITpUXOBBIMU JWHUAMH TTOKA3aHLI TOCHTe-
noBarenbubie 6pycel npubkennd. [Ipn BceX BBIYUCIEHUSX MCIOJIB30BAIACH MATPHUIA
A=JX (0))_1, BBIUMCJIEHHAs 171t Opyca nepBoro npubskenusi. [lpu Boruncienun Ha
KaXKJIOM Tare 3HadeHus A, COOTBETCBYIOIMIETO IIAry, YCKOPUT CXOAUMOCTb.
OmmuurepbHO# 0cobeHHOCTHIO MeTo/la KpaBunka dBjsgercd HeTpebOBATEIFHOCTE K
TOYHOCTH [EPBOTO MPUOJINAKEHNS. |

B paccmorpennom nipuMepe napabosia u OKPYzKHOCTb [1€PECEKAINCH 1101 yIJIoM, bBJin3-
kuM K npsimomy. llpouwnntocrpupyem, kak meron Kpasunka paboraer B 6ojiee C/I0XKHOI

CUTYaIAN.

IIpumep 7.43 ( Meron KpaBuuka — kacanune napaboJibl 1 OKPY>KHOCTH )
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0.8

0.6 [

047

02r | |

Puc. 25: Meron Kpasunka — nepeceuerne mapabosisl u okpyxuaoctu. [TpuxoBbivMu Jjim-
HUSIMU TIOKA3aHbI [10C/I€/10BATE/IbHBIE TPUOJINKEHUS .

Paccmorpuu [3] cucremy ypasuernit f : R? — R

) = (ﬁ(z)) _ ((xl —x)? (2 — ) —1=0, 2.=122, y.= o) _

falz)) 1 — 23 =0

Bosbmenm B kauecrse nepsoro upubmmxenus X (0 = [0.8,1.4] x [0.6,1.3].
Axobuan cucreMbl paBeH:

2 (X1—x:) 2-(X9—1e
J(X)Z( (_11 ) (2?X2y)>

Brimoanum ABa I10CJIe40BaTC/IbHBIX HpI/I6.HI/I)KeHI/I$[Z

k X X,
[08,1.4] | [0.6,1.3]
1]]0.68, 1.8 | 0.64,1.3]

Ha mnepBowm 1mare omeparop KpaBumka CyHniecTBeHO pacIidpeH 110 KOODJUHATE X7,
PU STOM JOCTUTHYTO CyXKEHUe 00JIACTH M0 KOOpAWHATE To. JlambHelnas JoKa m3aIus
perienns BumHa n3 pucyHKa 25. TOHKMMU JUHUIME TTOKA33HbBI TIOCII0BATE/IHHBIE OPYCHI
npubmmkennsi. CXOIUMOCTD MPOTIECA, CYIIECTBEHHO XYy2Ke, UYeM B mpuMmepe 7.42. |

Crenyromuii npuMep WIFOCTPUPYET PEINeHne 3a/1a9u ¢ HHTEPBAJIbHON HEOIpe 1e/1eH-
HOCTHIO B YPABHEHUN.

IIpumep 7.44 ( Meron Kpasuuka — mepeceuenune mapaboJbl U <«TOJICTOM»

OKPY2>KHOCTH )
[Tycts oxpykHOCTH B ipuMepe 7.42 uMeeT paguyc B BUAE WHTEPBAIA!
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Puc. 26: Meron KpaBunka — kacanue mapaboJibl U OKpyKHOCTH. TOHKUMU JTUHUSIMU
IIOKa3aHbl 110CJICJ0BaTC/IbHBIC HpI/I6.HI/I)KeHI/I$[.

R=[1—-¢1+4¢], e=0.1
f(a:) — <f1($)> — <.%'% + CL'% —1= [_€7E]>
fa(z) T — 23 =0 '
BosbMen B Kagectse mepsoro npubmmxenna X (0 = [0,1] x [0, 1].

Ha pucymke 27 morympo3padHoii 3a,TMBKO#H moka3ana 06/1aCTh Peenns mepBoro ypas-
HEHUsl, YKUPHOI PAMKOil — TepBoe TpubJInKeHne, TOHKUMHU paMKaMu — urepaiun. Perrre-

161

14r
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1/ \\ =
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< ost \@
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X

Puc. 27: Meroa Kpapunka — mepecedenne mapadobl U «IMHPOKOH» OKpy:KHOCTH. ToH-
KHMHJ JINHUAMHI IIOKa3aHbI IIOCJICI0BATC/ILHBIC HpI/I6.HI/I)KeHI/IH.

HI€ CXOJUTCS K MHTEPBAIbHOI BeJndnie iy = (21, 22) = [0.569,0.667] x [0.755,0.817].
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B Bripazkenuu 28 jrst oneparopa Kpasuanka tperuii wren (I —A-L)-(x*—Z) — 0, a BTO-
poe ciaraemoe A - F(T) — MHTEPBAJIBHO U €r0 PAJAUyC OIPEAEIseT pa3mep (bUHATLHOTO
MHOKECTBA PElleHusl.
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8 3akstoyeHume

Mpr paccMoTpenn OCHOBBI TEOPUM WHTEPBAIBLHOTO aHAIN3a W MPOWLIIOCTPUPOBATH HA
MPOCTHIX MIPUMEPAX 0COOEHHOCTH 00BEKTOB ITOTO Pa3/Iea MATEMATHKH.

B caenyromeit vactu mocobust 6yIyT paccMOTPEHBI DoJiee CI0KHBIE KOHKPETHBIE TPHU-
MepBI TPUMEHUS TEOPUU U METOI0B MHTEPBAIBLHOTO aHAIM3a B 33/1a9aX MEXaHUKHU, pacie-
Ta JIEKTPUIECKUX TIeTeil, OMTUKU, 00pabOTKN CUTHAJIOB U M300parKeHu, PU3NKN TL1a3-
MBI HA OCHOBE MCCJIEIOBAHUI, BLITOJHEHHBIX cTyaeHTamMu Kadenpsl «[Ipukmagnaa mare-
marukay MIIMM CIIBILY Ilerpa Bemukoro B 2017-2018 rogax u acnmpanramu OTH nm.
A.® MNodde.
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