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Lenn n 3agaqu

Uenb paboTbi:

) VlCC.He,EI,OBaHVIe 3aja4dun NOJANHOMMANBHOA NHTEpNONALUNN Hapg
KOJibLLlaMW BbIYETOB

Pewaembie 3agayn:
o Peannzauusi anropntMa noAMHOMUAILHOW NHTEPNOAALMAN

o [locTpoenune n uccneposarue basucoe [pébHepa naeanos
HY1b-MOJIMHOMOB

) I'Iepe'-mcneHVle MNOJINHOMMAIbHbIX NMEPECTAHOBOK Hag KONbLUaMU
BblHETOB
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[NlocTaHoOBKa 3a4a4m

[Ons 3aganHoro konbua R n MHOXecTBa 3HadeHuii (x,y), x € S C R,

y € R Heobxognmo noctpontsb noannom P(x) : Vx € S P(x) =y, ecan
Takoli nonnHoMm cyuiecTsyeT. [lofMHOM, peanusytownii 3ajaHHbIe 3HAYeHNs
Oynem HasbiBaTb MHTEPMOASLYUOHHBIM, @ MPOLECC €ro NOCTPOEHNS —
MHTEPNONSAYMNEN.

MeTtogbl untepnonsauum Jlarpanxa n HetoToHa He paboTatoT B cnyyae

KOJIbLA, TaK KaK B KOJibLie 0BpaTHbI/ 31€MEHT ONPEAENEH HE ANS KaXKA0ro
3/IeMeHTa.
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AnropuTtm uHTepnonauumu

P.Gopalan npegnoxun anroputm nHTEpPNOAsSiLM, KOTOPbLIA OCHOBBLIBAETCA
Ha ClefyroLWmnX naesax:

@ Kaxablii NONMHOM MOXET bbITb NpeacTaBneH B BUAE JIMHENHOIA
KOMbUHaLn BasncHbIX NOANHOMOB

i—1
No = 1, Mi(x) = [[(x = )i >0 (1)
Jj=0

@ [lna kaxxporo kosiblia CyLLeCTBYET MHOXECTBO, Ha3blBaeMoOe
WHTEPNOASILMOHHBIM, 3HAYEHNSA NOJNHOMMANBLHOW DYHKUUN Ha
KOTOPOM OMPEAENAOT €€ Ha BCEM KOJIbLE BbIHETOB.

t K o
Ons coctasHoro m = [[;_, p;’ NHTEPNONALNOHHBIA NOAMHOM Haj,
Zyn = Z/mZ MoXeT BbiTb NOCTPOEH C MOMOLLbLIO KUTANCKON Teopembl 06
OCTaTKax, UCMOMb3ysi Pe3ynbTaThl UHTEPNOASLAN HaJ, Zpk,.
i
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I/lHTQpI'IOJ'IFI LNOHHOE MHOXXECTBO

Onpepenexne

st 3amansoro Kosibifa R muoXkectso S = {«g, ...,ax},S C R
HA3bIBAETCA UHMEPNOAAUUOHHLM, ECIIU 3HAST SHAYEHUST JTIODOTO
[IOJIMHOMA B TOYKAX S, MOXKHO OJHO3HAYHO OINPEIEIUTH €ro Ha BCEM

KOJIbIIEe. Mubr 6yﬂeM paCCMaTpuBaTh MUHUMAJIbHOE MHTEPITOJIAIIMOHHOE
MHOZKECTBO.

[ns nocTpoeHns NHTEpMNOASILMOHHOrO MHOXECTBA B Kosbue R bygem
NCKaTb Takoe NMogMHoxecTBo S C R, KoTopoe 3afaeT HyneByto (yHKLMIO
Ha Bcem S.

Mo>HO NOCTPONTL XafHbIl aAropuTM, UCMNONbL3YS

S
N7 (x) = [J(x = i) (2)
Jj<i
B KayecTBe DasmcHOI pyHKLMN.
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BbICTpoe BblHNCNEHNE UHTEPMONALNOHHOIO MHOXECTBA

Ons konbua Z, NHTEPNOSILMOHHOE MHOXKECTBO S MOXKET ObITb BbINNCAEHO
3a nuHeiiHoe Bpems oT |S|.

Byaem nckatb MHOXecTBO S C Z,, 3agatowee 0. Takum obpazowm,
HEODXOAMMO HaliT MHOXECTBO:

{0,...,k =1} : Ni(x) =0Vx =0,nVi > k,
rae N;(x) onpegenero no copmyne (1).

Vxni>kunmx=0i—1 Ni(x)=0.
Ni(i) = it w Ni(i + a) = @£

3nauuT, ecin N;(i) =0, torga N;(i +a) =0 Va.
Takum obpasom, muHumansHoe k : k! =0 mod n orpaHnymnsaer pasmep
MHTEPNOASILLMOHHOIO MHOXECTBA.

@ CnoxHocTb gaHHoro anroputma O(k)
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[nHamMmuka pocTa MHTEPNONSLVOHHOIO MHOXECTBA
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AnropuTtm uHTepnonauumu

MockonbKy KaXkablii NOAMHOM SIBASIETCS JIMHERHOW koMbuHaumein basmcHbix
NONMHOMOB:

k
f(x) =) aN?(x), k=15 (3)
i=0

NHTEPNONSILLMOHHBIA NOJMHOM MOXET BbITb NOCTPOEH 3a k LIaros, npu
YC/IOBUN, YTO MHTEPMOSILMOHHOE MHOXECTBO S 1 BasucCHbIE NONMHOMBI
N?(x) w3secTHbl.
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Hynb-nonuHomsl

Onpepenexne

[MonuroMm P Oyiem Ha3bIBATH HYAb-NOAUHOMOM HAJ 33 JAHHBIM KOJIBIIOM

R, ecmu Vx € R P(x) = 0.

Hynb-nonmHom MuHumanbHoi cTeneHu anst Z,, MOXET BbITb NOCTpPOEH
cnepyrowmm obpasom:

%(Xp - X)v

rae p — MUHUMaNbHLIA SennTens m.
TeopeTnyeckne 3Ha4eHUS MUHUMAJIBHON CTENEHU HOPMMPOBAHHOTO
HYJb-MOJIMHOMA A1l HEKOTOPbIX KoJey bbian nonydensl Shujun Li.

SlcHO, 4TO 3Ta CcTeneHb COBMNAfaeT C pa3MEPOM WMHTEPMOASILUOHHOMO
MHOXECTBa A1 Kosibua Z,.
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Bbiuncnenune basncos naeaaoB HYAb-NMOJIMHOMOB

Hynb-nonnHomel obpasytot ngean. Cpegn obpasyrowux basuca [pébHepa
nieana noJIMHOMOB BCErga €CTb HOPMMUPOBAHHBIN HY/Ib-MOJIMHOM 1
HYJAb-MOJMHOM MUHUMaNbHOU cTeneHn. [1po ocTanbHble cocTaBasitoWMe
6asuca mMano M3BECTHO.

OcHoBbiBasick Ha BbluucieHun basuca [pébHepa 8 CAS "Singular”, mbl
cTponnu Basucel naeanos Hynb-nonmHomos. " Singular” 6bin1 BbIbpaH kak
nakeT, noafepxusatowuii soiuncieHne basuca pébHepa B Konbuax.

Pewaembie 3agayu:
© [llposepka oueHOK 3Ha4eHmii, mony4enHbix Shujun Li

© TMocTpoenne b6asucos IpébHepa naeanos Hyab-MOAMHOMOB
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[MocTpoeHHble Ha3uchl ANt HEKOTOPbIX KOnel

216 8X2 + 8x
2x* + 12x3 + 14x2 + 4x
x% 4+ 15x° 4 15x* + 13x3 + 8x? + 12x

Z3  16x° + 16x
4x* 4 24x3 + 28x2 + 8x
2x% 4 30x5 + 30x* + 26x3 4 8x
x8 4+ 2x5 4+ 3x* 4 6x3 + 12x% + 8x

Zos 32x°% +32x
8x* + 16x3 + 24x% + 16x
4x5 4 4x5 + 4x* 4 28x3 + 24x°
x8 4+ 2x0 + x* +28x2 + 32x
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AHann3 nony4eHHbIX CTeneHel Hyab-MOJANHOMOB

Mony4eHHble pe3ynbTaThl COrNAcytOTCs C TeOpeTnHeckumu ouernkamum S.Li.

‘ CTEN€Hb P B OCHOBAHWUN Zpk ‘ MWHNMaJIbHaA CTE€NEHb HOPM. HY/b-NOJINHOMaA ‘

k<p+1 pk
k=p+1 p’
p+2<=k<=2p+1 p(k —1)
k=pp+1)+1 p*
‘ CTeneHb 2 B OCHOBaHWUMN Zyk ‘ MWHNMANbHAA CTENEHb HOPM. HY/b-MOJIMHOMA

k=2 4

k=3 4

k=4 6

k=5 8

k=26 8

k=17 8
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[lepMyTaLMOHHbIE MOANHOMDbI

Onpegenexne

IMosmnom f(x) € K[x] HasbIBaETCS NEPMYMAUUOHHBIM, ECTIA OH 33aeT
brekTUBHYIO (DyHKIHIO B Kojbile K.

[ns koHeuHoro nons Fj, cyuectsyeT p! nepmyTauOHHbIX
NOJIMHOMMNANTbHBIX PYHKLMIA.
Haa konbuamu HeCKosbko MOANHOMOB MOTYT PEann30BbIBaTb OLHY U Ty Xe
nepectaHoBky. Hanpumep, aasi kosibua Z16 NOJIMHOMBI

f(x) = x® + 15x5 + 15x* 4 13x3 + 8x2 + 13x

g(x) = x
ONpPEeAENstoT OAHY 1 Ty>Ke NepecTaHOBKY.
Haweii uensto sinsietcs BbidncneHne konudectsa N(m) nepmyTannoHHbix
NOSNHOMMNANbHBIX (PYHKUMIA B KONbUE Zpy.
N(m) siBnsieTcsa MynbTUNANKATUBHONR pyHKLMEl, noaToMy byaem
paccmaTpueaTh Toabko N(pk).
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PekyppeHTHasi bopMyna KONMMYECTBa NEPMYTaLVIOHHbIX

NONMHOMMANbHbIX DYHKUMA Hag £,k

Hamu 6bina BbiBegeHa pekyppeHTHasi hopMyna KOMYecTBa
NEPMYTaLMOHHBIX MOJUHOMUANBHBIX PYHKUNIA N(pk).

p! if k=1
N(p¥) =< pl(p—1)PpP if k=2 (4)
N(px1)pS") if k> 2
rae S(p*) — pasmep uHTepnonsLMOHHOrO MHOXeCTBa Ans Zpk.
Takum obpaszom, N(pX) sensetca dyukumeii ot S(pk).
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AnropuTtm nepeyucieHns nepmMyTaLnoHHbIX

NONMHOMMANbHBIX (DYHKLMIA Haf KOAbLOM Zpk

Anroput™M nepeyucneHuns nepecTaHoBOK Da3MpyeTcs Ha CNeAyoLmX naesx:

o bynem nepeuucnsTb He BCe MepecTaHOBKM, a TOJbKO coxpaHstowume 0

@ [NonnHOMbI ONpesenatTCa 3HaYEHNAMUN B TOYKAX UHTEPNONSLMOHHOIO
MHOXeCTBa, No3ToMy ByaeM nepedncnsiTb BCE NOAMHOXKECTBA AJNHbI
|S| nepecTaHoBOK, rAe S — NHTEPNONALMOHHOE MHOXECTBO ANs Z

Ons konew Zox MoXeT bbiia npon3dBefeHa AOMNONHATENbHAS ONTUMU3ALMS.
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Ncnon b3yEMbIE TEXHOJIOT NN

@ 3apaya nepeyncneHnsi NOAMHOMMANbHBIX NEPECTAHOBOK TpebyeT
bonblmnx BpeMeHHbIX 3aTpaT. [loaTomy, BblMMCAEHNS BENNCH HA
12-apepHom y3ne knactepa delta-force.cluster.spbstu.ru. Anroputm

6b1 peanusosaH Ha s3bike C ¢ ucnonb3osaHmem bubamnoTeku
OpenMPI.

o [lepeyncnerHuns Hyab-NOAMHOMOB Dbl peann3oBaHbl Ha sA3bike Java.

@ Ba3zuckl ['pébHepa cuutanuce ¢ nomowpto cucremsl " Singular”
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HucneHHble pe3ynbTaThl

OCHOBaHMe KOJIbLA | YNCN0 MOJMHOMUAbHBIX
nepecTaHoBOK

8 128

9 1296

16 8192

25 384000000

27 25509168

32 2097152

64 536870912
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PesynbTathl

@ PeannzoBaH 3pdeKkTUBHbIN anropuTm NOJNHOMMANLHOIA
VHTEPNONIALNIA Hag KOJbLAMMN BbIHETOB

@ PaspaboTtaH n peannsosaH anroputm nocTpoeHus basncos [ pébHepa
MAEaNoB Hy/b-NMOJNHOMOB

@ BuisegeHa pekyppeHTHas hopMyna KONYECTBA NEPMYTaLUOHHbIX
NOJMHOMUAJIbHBIX (PYHKUNA HAZ KOJbLAMU BbIHETOB

@ PeanunsoBaH anroputm nepeyncieHns nepMyTaLnOHHbIX
NOJMHOMUANBbHBIX (PYHKUNA HAZ KOJbLAMU BbIYETOB
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Cnacnbo 3a BHUMaHMe
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